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Abstract. Phylogenetic trees represent the evolutionary histories of
taxa and support tasks such as clustering and Tree of Life reconstruction.
Many established comparison methods, including the Robinson-Foulds
(RF) distance, assume identical taxon sets. A methodological gap re-
mains for trees with distinct but overlapping taxa. Existing approaches
either prune non-common leaves, which can discard information, or com-
plete both trees such that they share the same taxa. Completion is more
comprehensive, but current methods typically ignore branch lengths,
which are essential for identifying evolutionary patterns. This paper in-
troduces k-Nearest Common Leaves (k-NCL), an algorithm for complet-
ing rooted phylogenetic trees defined on different but overlapping taxa.
The method uses branch lengths and topological characteristics and does
not rely on a specific distance measure. The k-NCL algorithm is designed
to preserve evolutionary relationships in the trees under comparison. The
running time is O(n?), where n is the size of the union of the two leaf
sets. Additional properties include preservation of original distances and
topology, symmetry, and uniqueness of the completion. Implemented in
Python, k-NCL is evaluated on biological datasets of amphibians, birds,
mammals, and sharks. Experimental results show that RF combined with
k-NCL improves phylogenetic tree clustering performance compared to
the RF(+) tree completion approach.

Awvailability and implementation. An open-source implementation of
k-NCL in Python and the datasets used in this study are available at
https://github.com/tahiri-lab/KNCL.

Keywords: Algorithm - Phylogenetic tree comparison - Tree completion
- Tree distance - Supertree.

1 Introduction

Phylogenetic trees are widely used to study the diversity of life, providing simpli-
fied representations of complex evolutionary relationships. They are utilized in
fields such as comparative genomics and evolutionary biology. A common task in
these areas is measuring distances between phylogenetic trees, often for purposes
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such as clustering trees and evaluating phylogenetic inference methods. Such dis-
tance measurements are especially informative when the trees share the same set
of species. However, in many practical cases, the trees are defined on different
but overlapping sets of taxa. In order to compare such trees, researchers often
use methods such as pruning non-overlapping leaves or completing both trees
to make them defined on the same set of taxa [1,35]. Pruning can result in the
loss of valuable evolutionary information by removing unique taxa, whereas tree
completion retains all taxa and allows for a more comprehensive comparison of
evolutionary relationships. However, topology-only tree completion approaches
may overlook important information, such as branch lengths, potentially lim-
iting the accuracy of comparisons. This highlights the need for more advanced
methods that use both topological and branch length information to provide a
more accurate representation of evolutionary signals.

Practical tasks such as supertree construction [2,34,29], phylogenetic tree
clustering [29,30], the assembly of the Tree of Life [11], and searches within
phylogenetic databases [33,5] require the computation of distances between trees
with different numbers of overlapping leaves. Approaches that can handle trees
defined on different but overlapping sets of taxa include the Robinson-Foulds(-
) method, which prunes both trees to a shared taxa set before computing the
classical Robinson-Foulds (RF) distance [7], the generalized RF distance [17], and
the vectorial tree distance [21]. The tree completion-based methods involve the
addition of distinct leaves from one tree to another, thereby defining both trees
on the same set of taxa, which is the union of the leaf sets of the original trees.
These methods include the RF(+) approach [1,35], geodesic in the extended
Billera-Holmes-Vogtmann (BHV) tree space [10,24], and several others [14,16].

The RF-based tree completion approach, detailed and expanded in various
studies [7,6,15,8,1,35], uses a completion method aiming to minimize the RF
distance. The RF(+) method described in [35] implements a polynomial-time
dynamic programming algorithm for computing the RF(+) distance on com-
pleted trees. The RF(+) method only accounts for the topology of the trees
being compared. The exact algorithm for the RF(+) problem has a complexity
of O(n - k?), where n is the size of the union of the leaf sets of both trees under
comparison, and k is the number of maximal subtrees unique to one input tree.

The geodesic distance in the BHV tree space [4] considers both the topol-
ogy and branch lengths of the trees. Extensions of this metric to process trees
with different but overlapping sets of taxa have been proposed in [10,24], intro-
ducing techniques to compute distances in an extended BHV tree space. The
introduction of additional structures within the BHV tree space, such as a con-
nection cluster, a connection space, a connection graph, and the incorporation
of new leaves, which requires a transition between lower and higher dimensional
orthants in the BHV space, results in an increase in computational complexity
to O(n**2), where n is the size of the union of the leaf sets of the trees being
compared and £ is the number of new leaves to be added to the tree. Although
these methods allow for comprehensive distance calculations, the computational
intensity required for large trees with numerous non-common leaves is a signif-
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icant limitation. It should be noted that the extended BHV geodesic defines a
pairwise distance via extension spaces rather than yielding a unique completed
tree for each input, and therefore is not a tree completion method.

Several researchers have developed different strategies for imputing missing
taxa to phylogenetic trees [18,19,22,36,37]. The approach introduced by Yasui
et al. [36] involves an optimization-based method to handle missing data in gene
trees using a mixed integer non-linear programming model. The method is de-
signed to impute missing pairwise distances between leaves in gene trees. It uses
a two-stage optimization process, where the first stage involves assigning indi-
viduals to hypothetical groups or clades based on the available genetic distances,
and the second stage focuses on estimating the missing distances.

Yoshida [37] addresses missing data in phylogenetic trees using tropical ge-
ometry. The approach constructs a tropical polytope from known gene trees that
are structurally close to the incomplete tree, then projects the incomplete tree
onto this polytope in a tropical metric space to estimate the missing parts. The
method is restricted to equidistant trees, where all leaves are equidistant from
the root. Other approaches address missing data in gene trees using quartet-
based optimization or imputation techniques based on tree topology [18,19,22],
but do not focus on pairwise tree completion for comparison.

Our contributions. In this work, we introduce a novel algorithm named
k-Nearest Common Leaves (k-NCL), designed to complete phylogenetic trees
that are defined over distinct but overlapping sets of taxa. Our contributions
can be summarized as follows. (1) We incorporated branch lengths into the tree
completion process, resulting in completed trees that represent both structural
and evolutionary relationships, in contrast to topology-only approaches. (2) We
introduced a scaling-based strategy to account for differences in evolutionary
rates between the two trees. (3) We designed the k-NCL algorithm to be inde-
pendent of any specific distance metric, i.e., it does not assume or optimize for
a predefined tree distance, such as RF or geodesic distance in BHV space. (4)
We provide a Python implementation of the k-NCL algorithm, with open-source
code available on GitHub. (5) We evaluated the proposed method on multiple
biological datasets (amphibians, birds, mammals, and sharks), where the trees
have partial taxon overlap.

2 Preliminaries and notation

Let T be a rooted phylogenetic tree. Let V(T') be its set of nodes (both internal
and terminal). The leaves (or terminal nodes) of T', each denoted by [, represent
the individual species or taxa under study, and their collection is denoted by
L(T) C V(T). The branches (or edges), denoted by E(T'), connect the nodes and
represent evolutionary relationships. We assume that each branch e = (u,w) €
E(T) has an associated strictly positive length between nodes v and w, indicating
the amount of evolutionary change or the time that has passed along that lineage.

Definition 1 (Distance between nodes). Let u and w be two nodes (internal
or terminal) in T. The distance between nodes u and w, denoted by d7) (u,w), is
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defined as the cumulative sum of branch lengths along the unique path connecting
u to w.

Definition 2 (Common and distinct leaves). In two phylogenetic trees Ty
and Ty with different but overlapping sets of taza, the term common leaves refers
to the leaves that are present in both trees. The set of common leaves shared by
trees Th and Ty is denoted as CL(Ty,T>) = L(T1) N L(T,). Conversely, leaves
present in one tree but absent in the other are termed distinct leaves, with the set
of such leaves for tree T related to tree Ty denoted as DL(T1|Ty) = L(T1)\ L(T3).

Throughout the paper, we assume that |CL(Ty,T%)| > 2 in order for pairwise
distances over common leaves to be defined. Let idx(-) denote the rank of an item
in a predetermined linear order, defined separately on the common leaves and the
original branches of each input tree. (i) Let CL(Ty,T») be ordered by ascending
lexicographic order of taxon labels. For any [ € CL(Ty,T?), let idx(l) denote
its position in this order. This rank is used only for deterministic tie-breaking
and remains fixed throughout the algorithm. (ii) For each input tree T}, a fixed
rank idx(e) is assigned to every original branch e € E(T;) via a single depth-first
enumeration established once at the start. If an original branch is split during
insertion, all resulting sub-branches inherit the same rank idx(e).

Definition 3 (Maximal distinct-leaf subtree). A subtree S of Ty is called
a mazximal distinct-leaf subtree if all leaves of S belong to the set DL(Ti|Tz),
and S is not strictly contained in any larger subtree of T1 whose leaves are also
entirely included in DL(T1|T5).

Conceptually, a maximal distinct-leaf subtree S is the largest possible subtree
in 77 that contains only leaves not shared with 75, and cannot be extended
without including shared leaves. S may consist of one or more distinct leaves,
i.e., |L(S)| > 1. The root of S in Tj is defined as the lowest common ancestor
(LCA) of all its leaves, denoted by lcar, (L(S)). In the special case where S
contains only a single leaf, its root is that leaf itself. The root branch of S is
the branch that connects the root of S to its most immediate ancestor node in
the entire tree T}. We refer to this parent node as the attachment node of S,
denoted attr, (S). For any given tree T, the collection of all its maximal distinct-
leaf subtrees is denoted as St.

Definition 4 (Nearest common leaves). For a distinct-leaf subtree S € St
the set of k nearest common leaves, denoted Ny (S,T1), consists of the k leaves
in Ty that are also present in Ty and are closest to the root of S, ordered by
increasing distance from it. The parameter k must satisfy 2 < k < |CL(Ty,T3)].

Let T € {T1,T>} and let S € Sp. If several common leaves have the same
distance as the k-th closest leaf to the root of S, the ties are resolved using the
fixed order of CL(Ty,T»). Specifically, the common leaves | € CL(Ty,Tz) are
ordered by the pair (d™)(l,lcar(L(S))),idx(l)) in lexicographic (increasing) or-
der, and the first k leaves are taken. Therefore, [N (S, T)| = k, and the selection
is deterministic.
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Problem 1 (k-NCL tree completion). Let Ty and Ty be rooted phylogenetic trees
with strictly positive branch lengths, leaf sets L(7T}) and L(7T%), and common
leaves CL(Tl, TQ) = L(Tl)ﬂL(Tg) with |CL(T1, T2)| Z 2. Let k € [2, ‘CL(Tl, TQ)”
The objective is to construct completions T and Ty on the unified leaf set
L(Ty) U L(T%) such that: (i) the restriction of T)” to the leaf set L(T;) is iden-
tical to T; in both topology and branch lengths, for i € {1,2}, and (ii) for each
i € {1,2} and each maximal distinct-leaf subtree S present in T3_; but absent
from T;, S is attached to T; at a location determined from the k nearest com-
mon leaves of S in T5_;. Among all possible attachment locations on the original
branches of T; (including existing internal nodes), the selected location mini-
mizes the discrepancy between distances measured in the target tree and the
corresponding position distances induced from 75_;. The completion is obtained
by attaching each such subtree in this manner, preserving the original topology
and branch lengths on the original leaves.

3 Methods

3.1 k-Nearest Common Leaves algorithm

The k-NCL algorithm addresses the tree completion problem by constructing
completed trees T and T3’ on the unified leaf set L(Ty) U L(T»). The method
inserts maximal distinct-leaf subtrees from each input tree to the other on the
basis of common leaves and adjustment rates, which calibrate branch lengths
during subtree insertion.

A high-level description of the k-NCL algorithm is given in Appendix D, and
Figure 1 presents its main components. The procedure begins with the identifi-
cation of common leaves, distinct leaves (Definition 2), and maximal distinct-leaf
subtrees (Definition 3) in both trees.

Remark 1. For i € {1,2}, the set St, relative to DL(T; | T5—;) can be computed
by a post-order traversal of T;. A node is marked if all of its descendant leaves
belong to DL(T; | T5—;). The roots of maximal distinct-leaf subtrees are precisely
the marked nodes whose parent, if any, is unmarked. Each such subtree is then
recorded together with its root branch.

Remark 2. Subsequent steps of the k-NCL algorithm involve a large number of
node-to-node distance computations, specifically on the order of O(n?) in total,
where n is the total number of taxa across both trees. These include the distances
between common leaves, distances from common leaves to subtree roots, and
evaluations of candidate insertion points across all branches. To reduce the cost
of these operations, we associate each tree with a distance oracle [31], which is
rebuilt after every maximal distinct-leaf subtree insertion. The distance oracle is
constructed using a depth-first traversal that generates an Euler tour of the tree,
along with the depth of each visit and the first occurrence index of every node.
A sparse table is built over the depth array to efficiently answer range minimum
queries (RMQ), which support constant-time LCA queries using the method of
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Bender and Farach-Colton [3]. Based on these LCA results, the distance between
any two nodes can be computed in O(1).

The tree completion procedure continues by adjusting the branch lengths
of the maximal distinct-leaf subtrees, including their root branches, using the
corresponding branch adjustment rate (Equation 1).

Let CL(Ty,T) be ordered and indexed. We introduce a global adjustment
rate (77 |T2), which is defined as the ratio between the total pairwise distances
over all common leaves in T7 and the corresponding total pairwise distances in T5
(Equation 1). This rate represents the relative scaling of branch lengths between
the two trees based on their shared taxa.

dT(1;,15)
Ll €CL(Ty,T?)

1<J
T(T1|T2) = d(TZ)(l“lj) (1>
l;,l;€CL(T1,T2)
1<j

Next, all branch lengths (including the root branch) in the maximal distinct-
leaf subtree S € Sr,, which is to be inserted into 77, are scaled using the ad-
justment rate r(7}|T%). For each branch (u,w) € E(S) with E(S) C E(T3), the
adjusted branch length is given by Equation 2.

d(S) (ua w) — d(S)(u> U)) ’ T(T1|T2)' (2)

This adjustment is crucial for preserving the phylogenetic relationships and
distances within the subtree as it is integrated into the new tree structure. How-
ever, the original branch lengths in the initial trees remain unaltered.

Subsequently, the k& nearest common leaves, N (S, T2) (Definition 4) are iden-
tified for each subtree S € Sr, (see Figure 1). Given a selected common leaf,
le € Ni(S,Ty), the leaf-based adjustment rate, r(’) (T}|Ty), is computed as the
ratio of cumulative distances from [, to all other common leaves in T; relative
to the corresponding sum in 75 (Equation 3).

d™ (1., 1)
1,€CL(T1,T3)
. 3
S AT, L) )

1,€CL(Ty,T>)

r)(T1|T) =

The insertion process is initiated with 77, and T} is created as the insertion
target for maximal distinct-leaf subtrees from T5. Subtrees are iteratively in-
serted into Ty until all subtrees from Sz, have been added, at which point T}
becomes the completed tree T7”. The notation 77 emphasizes that the original
tree T} remains unchanged throughout the subtree insertion process.

At a high level, the attachment point is chosen by first using the k nearest
common leaves of the subtree in the source tree to estimate its position relative
to the common leaves in the working tree, and then selecting the location on the
original branches of the target tree whose distances to these leaves best match
the estimated position.
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As part of identifying the optimal insertion point for a subtree S € S,
a position distance is computed relative to each selected common leaf [.. This
distance is calculated as follows (Equation 4).

AT (1., attry (S)) = A" (o, attr, (S)) - ) (T1| T), (4)

where attr,(S) denotes the original attachment node of S in T, and attr/(S)
denotes the target attachment location for S in 7T7.

In order to integrate S into T}, an insertion point v* is selected by minimizing
the discrepancy between the observed distances in 7] and the computed position
distances for the selected common leaves. This procedure is performed as follows.

Every candidate insertion point can lie on an existing node or on a branch
connecting two nodes, u (the parent node) and w (the child node). Fix a can-
didate branch e = (u,w) of T7. Let v.(z) be a point on branch (u,w) € E(T7),
located at a distance z - d(Tl/)(u,u)) from the parent node u along the branch,
where z € [0,1) (see Figure 1 (a)). In this parameterization setting, the bound-
ary case x = 0 corresponds to the node u (an existing node), while x approaching
1 corresponds to a point arbitrarily close to the child node w. The interval [0, 1)
is used to avoid double counting existing nodes.

Then, the observed distance from a selected common leaf I, € N (S, T3) to
the candidate point v.(z) is given by Equation 5.

d(T{)(lm Ue(x)) = d(T{)(lm u) + Oce- - d(Tll)(uv w)ﬂ (5)

-1
+1, 1if I, is not a descendant of w.

The discrepancy between the observed distance and the position distance is
measured using the following objective function (Equation 6).

, if I, is a descendant of w,
where 0., =

folz) = Z (d(T{)(lcave(‘r)) —d™(,, attry (S)))Q. (6)

lcEN(S,T2)

In Equation 6, the sum is taken over I, € N (S,T>) (the k closest com-
mon leaves to S in Ty), thus k sets the number of terms contributing to f.(z)
and controls how local versus broader neighborhood information influences the
placement. Since f.(x) aggregates k leaf-wise discrepancies, increasing k reduces
sensitivity to any single leaf while increasing computation proportionally to k.

The function f.(z) is quadratic in z, and its minimum can be found by taking
the derivative with respect to x, setting the derivative to zero, and solving for
the optimal x. The resulting value x} determines the candidate insertion point
on the branch as v (x}).

For each original branch e in T}, as represented in 77, its unique per-branch
minimizer 2} and minimum value f.(x}) are computed. Let fiin be the smallest
fe(z¥) among all original branches. Among all candidates that attain fui,, the
insertion point is chosen by minimizing d(Tll)(lcaTl/ (L(TY),ve(x2))). If a tie re-
mains, the candidate on the original branch with the smallest fixed rank idx(e)
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Fig. 1. Illustration of the main parts of the k-NCL algorithm. The common leaves of
trees Th and T> are marked in bold black. The distinct leaves of each tree are highlighted
in blue. Tree T has one one-leaf maximal distinct-leaf subtree {B}. Tree T% includes
one two-leaf maximal distinct-leaf subtree {G, H}. The value k = 3 is chosen. The
dashed blue lines represent the position distances from the attachment point of a
maximal distinct-leaf subtree to the selected nearest common leaves. The red nodes
v} and v are the insertion points for the corresponding subtrees. The gray candidate
node ve(x) in 71 represents an example of the parameterization setting used to find
an optimal insertion point along the original branches. Arrows show the addition of
maximal distinct-leaf subtrees, with adjusted branch lengths, from one tree to another.

is chosen. This yields a unique insertion point. Then S with adjusted branch
lengths is placed at this insertion point (see Figure 1).

This process is repeated for each maximal distinct-leaf subtree S € Sy, until
all have been inserted into 77, resulting in the final completed tree T}¥. The same
procedure is then applied to each subtree from Sy, for insertion into a copy of
Ty to construct the completed tree Ty'. The algorithm outputs two completed
phylogenetic trees, T} and Ty, each defined on the union set of taxa of the initial
trees L(TYY) = L(T5) = L(T1) U L(T3). A practical illustration of the algorithm
is provided in Section B of the Appendix.

3.2 Properties

The following theorem, lemma, and propositions represent several properties of
the k-NCL tree completion algorithm. Due to the page constraints, the detailed
proofs are provided in Section A of the Appendix.

Theorem 1 (Time complexity for fixed k). Let Ty and T be phylogenetic
trees defined on different but overlapping sets of taxa with L(Ty) and L(T3),
respectively. For a fized k € [2,|CL(T1,T3)|], the k-NCL algorithm completes both
trees on the combined taza set L(Ty)UL(Ty) in O(n?), where n = |L(Ty)UL(T3)|.

Lemma 1 (Time complexity for arbitrary k). For any arbitrary value k €
[2,|CL(Ty, To)|] (i-e., k is not fived), the k-NCL algorithm completes both trees
on L(Ty) U L(Ty) in O(n?k) time.
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Proposition 1 (Preservation of original distances and topology). Let T}
and Ty be rooted phylogenetic trees with branch lengths, defined on overlapping
leaf sets L(Ty) and L(Ty), respectively. Let T{ denote the completed tree produced
by the k-NCL algorithm for i € {1,2}. Then, for each i, the completed tree T\
preserves both the pairwise distances and the topology of the original tree Tj;.
That is, for every pair of original leaves 1y, l, € L(T;), d(T'iw)(la, Ip) = dT) (1, 1p).
Furthermore, the completion process preserves the structure of the input tree in
the sense that removing the added leaves from T recovers a tree topologically
isomorphic to T;.

Proposition 2 (Symmetry in tree completion). Let T} and T be two phy-
logenetic trees defined on different but overlapping sets of taxa, and let k €
(2, |CL(T1,T2)|] be fized. The k-NCL tree completion process is symmetric with
respect to the input trees. In particular, the algorithm inserts maximal distinct-
leaf subtrees from Ts into Ty and, symmetrically, mazimal distinct-leaf subtrees
from Ty into Ty. Therefore, applying the algorithm to either input order, (T1,Tz)
or (Tz,T1), results in the same completed trees Ty and Ty, appearing in the cor-
responding output order as (T, Ty) and (T, TY).

Proposition 3 (Uniqueness of tree completion in the k-NCL algorithm).
Let Ty and Ts be input phylogenetic trees with strictly positive branch lengths, and
let k € [2,|CL(T1,T»)|] be fized. Then the completed trees Ty and Ty produced
by the k-NCL algorithm are uniquely determined by 11, Ta, and k, regardless of
the order in which maximal distinct-leaf subtrees are inserted.

Proposition 4 (Applicability to binary and non-binary trees). Let T}
and Ty be rooted phylogenetic trees with strictly positive branch lengths, defined
on overlapping leaf sets L(Ty) and L(T3), respectively. Trees Ty and Ty may be bi-
nary or non-binary (multifurcating). Let k € [2,|CL(Ty,Ts)|]. Then, the k-NCL
tree completion algorithm is well defined for (T1, Ts, k) without requiring the trees
to be binary. All results in Section 3.2 (polynomial-time complexity, preservation
of original distances and topology, symmetry, and uniqueness) remain valid for
both binary and non-binary input trees.

4 Results and discussion

4.1 Methodology for biological data simulation

The methodology for obtaining biological data of phylogenetic trees with differ-
ent but overlapping taxa involved several main steps. The biological data used
in this evaluation part were sourced from the VertLife website [32], which offers
a method for acquiring tree distributions with specific subsets of taxa. The tool
prunes a comprehensive dataset to a smaller subset and samples trees from it.
Four different taxonomic groups were selected for analysis, including Amphib-
ians, Birds, Mammals, and Sharks. The number of species in the entire datasets
varied across groups, with 7239 species of Amphibians [12], 9993 species of Birds
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[13], 5911 species of Mammals [32], and 1192 species of Sharks [28]. Each group
was first reduced to one representative species per genus. A random sample of n
species was then drawn from this genus-filtered pool. From these selected species,
ten overlapping subsets were generated, with overlap levels ranging from 10% to
90%. The corresponding pruned tree sets were then retrieved from VertLife and
combined into the final overlapping datasets.

To introduce diversity into the datasets, different numbers of unique species
were selected for each group. In this study, two versions of each biological dataset
were prepared (see also Table 2 in the Appendix). Datasets A include 100 phylo-
genetic trees per group and are used for evaluating the influence of the parameter
k in the k-NCL tree completion algorithm. Datasets B contain a larger number of
trees (170 for Amphibians, 100 for Birds, 140 for Mammals, and 100 for Sharks)
and are used for the comparative analysis of distance metrics between completed
trees. These datasets, along with a more detailed description and the script used
to prepare the data, can be found in the project repository on GitHub.

4.2 Evaluation setup

In this part of the study, four distance metrics are applied, involving topology-
only and topology and branch length comparisons, along with pruning and
completion-based approaches. The Branch Score Distance (BSD) [14] is used in
two variants in this section. BSD(k-NCL) measures the distance between trees
completed using the k-NCL algorithm, while BSD(-) computes the distance after
pruning both trees to their common taxa. Two versions of the RF distance [25]
are utilized, each based on a different tree completion strategy. The first, RF(+),
is computed on trees completed using the method proposed in [35]. This metric
only considers topological differences and ignores branch lengths, making it suit-
able for evaluating tree structure without regard to evolutionary distances. The
second version, RF(k-NCL), applies the classical RF distance to trees completed
using the k-NCL method. While the RF metric itself remains purely topological,
this variant reflects how the k-NCL algorithm affects tree topology.

For this analysis, tree pairs are categorized by their levels of overlap, which
are quantified using the Jaccard coeflicient [23]. For the results in this sec-
tion, overlap levels are binned into intervals of width 0.1, with each level (e.g.,
{1% ’z eN,1<i< 9}) representing the center of a bin. For instance, the level
0.1 corresponds to the interval [0.05, 0.15), 0.2 to [0.15, 0.25), continuing up to
0.9, which corresponds to [0.85, 0.95).

4.3 Effect of the parameter k

Let N, denote the number of common leaves, i.e., Ny = |CL(Ty,T3)|. For each
tree pair, the BSD(k-NCL) distance is computed for a range of k values. These
include edge cases such as k € [2,3, Ny — 1, N, along with intermediate values,
including k = [/Ng] and k = |¥L*2 ] Tree pairs are grouped into intervals
based on overlap level, and for each group, the average BSD(k-NCL) is plotted
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as a function of k. This reveals how the distance changes with varying k values.
These results are illustrated in Figure 2.
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Fig. 2. Average BSD(k-NCL) distance versus k values for various levels of overlap
(Datasets A). Edge cases (k = [2,3, Nt — 1, Nyy]) and intermediate cases (k = | v/ N |
and k = LW]) are used to complete tree pairs using the k-NCL algorithm.

The results show a consistent and decreasing trend in general. Across all
four datasets, the average BSD(k-NCL) distance decreases as k increases. The
decrease is gradual at first and then largely flattens as k approaches LWJ
and N,. This pattern holds across different overlap levels, with one exception
for Sharks, where the lowest average BSD(k-NCL) occurs at k = L%J rather
than at the largest k.

Analysis of the optimal k for individual tree pairs supports this trend. Empir-
ically, k = L%J can be used as a suitable default. It achieves nearly minimal
distances, and larger k provides only minor additional improvements, on average.
Accordingly, k = LWJ is used as the default value in subsequent evaluations
in this study.
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4.4 Comparison between completion and pruning

In order to evaluate the agreement between BSD(k-NCL) and BSD(-), three
scenarios are defined based on how each distance interprets the similarity of
two trees, T7 and Ty, relative to a reference tree T*. A supertree with branch
lengths was constructed as a reference tree for this evaluation part. The overall
approach to obtaining a reference tree for each dataset involved first inferring
the supertree topology, followed by assigning branch lengths by averaging values
across consistent splits from the source trees. The spectral cluster supertree
algorithm [20] was applied to build the supertree from a collection of input trees,
each defined on different but overlapping subsets of taxa and containing branch
length information. To assign branch lengths to the supertree, a post-processing
step was performed. Each internal branch (split) of the inferred supertree was
matched against the corresponding splits in the original input trees based on
their bipartition structure. For every matching split identified, the associated
branch lengths were recorded. The final branch length for each supertree branch
was calculated as the arithmetic mean of all matching branch lengths across the
source trees.

02
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Total fraction of conflicts

0.0
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Fig. 3. Fraction of conflicting tree pairs for BSD(k-NCL) versus BSD(-) for all scenarios
(Datasets B). k = \_WJ is used for BSD(k-NCL). Numbers above points show the
number of tree pairs in each bin.

The following three scenarios are similar to the evaluation procedures de-
scribed in [35]. Scenario 1 includes cases where the two metrics provide opposite
conclusions. One metric indicates that T3 is more similar to the reference tree
T*, while the other indicates that 75 is more similar to T*. Scenario 2 identi-
fies cases where BSD(-) gives equal distances for both trees, but BSD(k-NCL)
assigns different distances. This indicates that BSD(k-NCL) detects a difference
between the trees that BSD(-) does not. Scenario 3 captures the opposite of
Scenario 2, where BSD(k-NCL) gives equal distances, but BSD(-) differentiates
the two trees. These scenarios are used to identify conflicting pairs of trees un-
der each comparison, depending on their level of leaf overlap. Results comparing
BSD(k-NCL) and BSD(-) are shown in Figure 3.
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Across all four datasets, 8.02% of tree pair comparisons revealed conflicts be-
tween BSD(k-NCL) (completion) and BSD(-) (pruning). Among those conflicts,
98.9% are Scenario 1, while Scenarios 2 and 3 contribute only 0.69% and 0.41%
of conflicts, respectively. The conflict rates by dataset are as follows: 12.4% for
Mammals, 6.2% for Amphibians, 6.5% for Birds, and 6.2% for Sharks. Scenario
1 dominates in each dataset (99.5% for Amphibians, 97.3% for Birds, 98.6% for
Mammals, and 100% for Sharks).

Conflict levels vary with leaf overlap p. Aggregating across datasets, the
conflict fraction peaks around p = 0.4 (9.7%), and falls to 3.9% by p = 0.9 from
8.6% at p = 0.1. Dataset specific patterns align with Figure 3. Birds decline
steadily from 16.5% at p = 0.1 to 1.8% at p = 0.9. Mammals show a peak
of 16.8% at p = 0.3. Amphibians are generally lower, decreasing from 8.7% at
p=0.1 to 2.8% at p = 0.9. Sharks show a moderate peak at p = 0.4 (9.2%).

The median total conflict fraction is highest at p = 0.4 (the median is 10.8%)
and decreases to 3.6% at p = 0.9, indicating both a reduction in conflict and
convergence among datasets as overlap increases. It can be concluded that con-
flicts between completion-based BSD(k-NCL) and pruning-based BSD(-) are in-
frequent overall (= 8%) and occur predominantly as Scenario 1. The risk of
conflict is highest at low and medium levels of overlap (p < 0.4), notably for
Mammals, and decreases with increasing overlap (the median across datasets is
approximately 3% — 4% at p = 0.9). In practice, pruning can discard informa-
tion when the overlap is limited. Therefore, BSD(k-NCL) may provide a more
informative comparison at low and medium levels of overlap, whereas at high
overlap (p > 0.8) the two metrics behave similarly.

4.5 Tree completion methods comparison

In order to evaluate the proposed k-NCL tree completion method in comparison
to the RF(+) tree completion approach, a clustering-based analysis was con-
ducted. RF(+) was selected as the main external baseline because, to the best
of our knowledge, it is the only previously published method outside our earlier
method in [14] that directly addresses the tree completion problem, namely the
construction of completed trees on the union of taxa from two overlapping input
trees. The k-NCL method extends the approach introduced in [14]. Other related
approaches either define distances that require identical taxon sets, or operate
via pruning or implicit embeddings without explicitly returning completed trees.
For this reason, RF(+) is the only direct external algorithmic baseline for tree
completion considered here. It is important to note that both RF(+) and k-
NCL attach maximal distinct-leaf subtrees, and the primary difference is the
placement criterion. RF(+) is topology-driven, whereas k-NCL selects attach-
ment points by minimizing a branch-length-based least-squares discrepancy. This
comparison is designed to highlight the differences between topology-based and
branch length-based tree completion outputs. The evaluation aims to quantify
the ability of three tree distance metrics (RF(+), RF(k-NCL), and BSD(k-NCL))
to identify intended clusters from sets of partially overlapping phylogenetic trees
of Amphibians, Birds, Mammals, and Sharks.
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For each species group, five empirical base trees were selected, each defining
one reference cluster. The base trees were selected such that the leaf set overlap
across the resulting clusters ranged from 10% to 90%. From each base tree,
four perturbed variants were simulated with AsymmeTree [27], resulting in five
related trees per cluster and 25 trees per species group in total. This setup was
designed as a controlled benchmark with known cluster membership, rather than
as a simulation of fully independent empirical trees. Full simulation details and
parameter settings are provided in the project repository.

For every unique tree pair within each cluster dataset, RF(+) and k-NCL
completion methods are applied. RF distances are calculated for the trees com-
pleted with RF(+), and both RF(k-NCL) and BSD(k-NCL) distances are com-
puted for trees completed with k&-NCL (k = L%J) The resulting pairwise
distance matrices for each of the three metrics (RF(+), RF(k-NCL), and BSD(%-
NCL)) are visualized in Figure 4. Heatmaps and boxplots illustrate how well
each tree completion method reveals the expected clustering structure within
the datasets.

In the RF(+) row panels (a) to (d) of Figure 4, the blocks are present,
but they are less distinct. Panel (c), which represents Mammals, shows fuzzy
boundaries with visible overlap between clusters. The RF(+) boxplots (e) also
reveal overlap. In the RF(k-NCL) row panels (f) to (i), the block diagonals are
clearly defined, with very light within-cluster cells and darker between-cluster
bands. The corresponding boxplots (j) demonstrate a distinct gap. In the BSD (k-
NCL) panels (k) to (n), the blocks are visible, however the edges are less distinct
than in the RF (k-NCL) panels. The boxplots in panel (o) show a small but
noticeable overlap.

Cluster separation was quantified from the 25x25 pairwise distance matrices
for each method and species group, using the known clustering structure of five
clusters, each consisting of five trees. The distributions of within-cluster and
between-cluster distances were extracted for each method and species group.
The silhouette method [26] and the Dunn index [9] were utilized to evaluate
cluster separation. The silhouette coeflicient for a single tree is computed from a
distance matrix by defining a as the mean distance of that tree to all other trees
within its own cluster, and b as the mean distance to all trees in the nearest
other cluster. The coefficient is then given by (b — a)/max(a,b). The overall
silhouette score is the average of these coefficients across all trees. The Dunn
index equals the minimum inter-cluster distance divided by the maximum intra-
cluster diameter. Larger values indicate better cluster separation for all metrics.
These values are presented in Table 3 in the Appendix.

RF(k-NCL) shows perfect ordering of distances in all species groups and the
largest silhouette scores and Dunn indices (Amphibians silhouette 0.765 and
Dunn 1.588, Birds silhouette 0.826 and Dunn 2.654, Mammals silhouette 0.668
and Dunn 1.200, Sharks silhouette 0.734 and Dunn 1.281). The boxplots (Fig-
ure 4) display a gap between the light within-cluster boxes and the dark between-
cluster boxes under RF(k-NCL) with no overlap. BSD(k-NCL) provides clear
separation that is close to RF(k-NCL) in Birds and Sharks, but with moderate
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Fig. 4. Pairwise distance heatmaps and summary boxplots for four species groups
and three tree distance metrics. Each row corresponds to a distance metric, including
RF(+), RF(k-NCL), and BSD(k-NCL). The first four columns correspond to a species
group of Amphibians, Birds, Mammals, and Sharks. There are 25 trees per group,
arranged into five clusters of five trees. A value of k = ij was used for tree
completion in RF(k-NCL) and BSD(k-NCL).

overlap and lower silhouettes and Dunn indices (Birds silhouette 0.724 versus
0.826 and Dunn 0.866 versus 2.654, Sharks silhouette 0.593 versus 0.734 and
Dunn 0.847 versus 1.281), while still outperforming RF(+) in Mammals (silhou-
ette 0.521 versus -0.076 and Dunn 0.456 versus 0.150). RF(+) shows good results
for Birds, but demonstrates noticeable overlap in other groups and weaker sep-
aration of Mammal clusters as indicated by a negative silhouette and the small-
est Dunn value (Birds silhouette 0.645 and Dunn 1.154, Mammals silhouette
-0.076 and Dunn 0.150). The most robust method for cluster identification and
separation in these data is RF(k-NCL) overall and within Amphibians, Birds,
Mammals, and Sharks (overall silhouette 0.748 and Dunn 1.681). BSD(k-NCL)
is a second choice, and RF(+) ranks third (overall silhouette 0.599 and Dunn
0.675 for BSD(k-NCL) and overall silhouette 0.344 and Dunn 0.598 for RF(+)).
These results suggest that the k-NCL method, by integrating both topology
and branch lengths, can enhance cluster separation for overlapping trees. Fur-
thermore, both topology-based (RF) and branch length-based (BSD) distances
benefit from the tree completion results provided by the k-NCL method.

5 Conclusion

This study presents the k-Nearest Common Leaves (k-NCL) algorithm, designed
for completing phylogenetic tree pairs that are defined on different but overlap-
ping taxa. The method uses branch lengths and topology to insert non-common
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leaves while preserving evolutionary distances and topological structure. The
resulting completions extend both trees to the same taxon set while retaining
their original structure. The algorithm runs in O(n?) time in the size of the union
of leaf sets (Theorem 1) and satisfies the preservation of original distances and
topology (Proposition 1), symmetry (Proposition 2), and uniqueness (Proposi-
tion 3). It applies to binary and non-binary trees (Proposition 4). The proposed
algorithm is evaluated on datasets of amphibians, birds, mammals, and sharks
(Section 4.1), and improves phylogenetic tree clustering compared to RF(+)
completions (Section 4.5).

Future work will include additional analysis of how the choice of the param-
eter k affects the quality of tree completion by relating it to a purely topological
distance metric and studying its impact on the robustness and stability of the
tree completions. On the algorithmic side, further optimizations of the algo-
rithm to improve scalability, as well as extensions to completing collections of
more than two trees, are promising directions. In particular, the approach can be
extended to a set of partially overlapping phylogenetic trees in order to obtain
a completed set, where each tree is defined on a combined set of taxa. Finally,
additional evaluation experiments on larger and more diverse datasets will help
to better characterize the behavior of the k-NCL method across a wide range of
evolutionary scenarios.
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Appendix
A Proofs for Section 3.2 (Properties)

The following theorem, lemma, and propositions represent several properties of
the k-NCL tree completion algorithm.

Theorem 1 (Time complexity for fixed k). Let T) and Ty be phylogenetic
trees defined on different but overlapping sets of taza with L(Ty) and L(T3),
respectively. For a fized k € [2,|CL(Ty,Ts)|], the k-NCL algorithm completes both
trees on the combined taza set L(Ty)UL(T3) in O(n?), where n = |L(Ty)UL(T3)|.

Proof. Let n = |L(T1) U L(T3)| represent the total number of taxa in the com-
bined leaf set of T7 and T5. We assume that k is a fixed constant, independent of
n. Since each phylogenetic tree T; (for i € {1,2}) is rooted, the number of inter-
nal nodes in each tree is at most |L(7;)|—1. Thus, each T; has at most 2|L(T;)|—1
nodes (internal and terminal) and 2|L(T;)|—2 branches. As |L(T;)| < n, a traver-
sal of T; can be performed in O(n).

At the beginning of the tree completion process, the set of common leaves,
CL(Ty,Tz) = L(T1) N L(Tz), and the set of distinct leaves, DL(T5_;|T;) =
L(T5_;) \ CL(Ty1,T>), are computed. Since the total number of taxa is n =
|L(T1) U L(T3)|, each of these sets contains at most n elements. To compute the
intersection and set difference efficiently, all leaf labels from one set (e.g., L(T1))
are inserted into a hash set, which supports expected constant-time lookups. The
other leaf set (e.g., L(T»)) is then iterated to check which elements are present
or absent in the hash set. Constructing the hash set, performing these lookups,
and computing the resulting sets of common and distinct leaves each take at
most O(n) time. Thus, the total cost of this step is O(n).

In order to find maximal distinct-leaf subtrees (Remark 1), the tree is tra-
versed using post-order traversal, visiting each node exactly once. At each node,
checks are performed, and the node may be marked or added to the result set,
all in constant time. After traversal, the nodes are processed again to collect the
roots of valid subtrees, which is done in linear time. Since each step involves only
constant work per node, the overall time complexity of this step is O(n).

Efficient distance queries are achieved by constructing a distance oracle for
each working tree (Remark 2). The oracle is based on an Euler tour representa-
tion of the tree, which takes O(n) time to compute via a depth-first traversal.
The tour records each visit to a node and tracks its depth (where the depth of a
node is defined as the total branch length from the tree root to that node), along
with the first occurrence of every node. The Euler tour has linear length and can
be constructed in O(n) time. Constant-time retrieval of LCA between any two
nodes is achieved by constructing an RMQ structure over the depth array of the
tour. This can be performed in O(n) time using the algorithm of Bender and
Farach-Colton [3]. Therefore, using the precomputed LCA data structure (i.e.,
the Euler-tour array, its depth array, first-occurrence array, and RMQ table),
the distance between any two nodes u and w can be retrieved in constant time
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by computing the sum of their depths minus twice the depth of their lowest
common ancestor. Thus, the complete distance oracle is built in linear time and
supports constant-time distance queries between any pair of nodes.

Each time a subtree is inserted into the working copy, the tree topology
changes. The distance oracle is rebuilt after every insertion to account for these
changes. Since there are at most n such insertions, the cumulative cost of up-
dating all distance oracles across the algorithm is O(n?).

The global adjustment rate r(7;|T5_;) is calculated by comparing the cumu-
lative pairwise distances between all common leaves (Equation 1). Since there
are at most n common leaves, this computation involves O(n?) distance queries,
each answered in constant time via the distance oracle. The total cost of com-
puting this rate is therefore O(n?).

For each maximal distinct-leaf subtree S, up to k (constant) leaf-based ad-
justment rates and position distances are computed, as described in Equations 3
and 4. Each such computation involves a linear number of distance queries across
the common leaf set. Consequently, each subtree contributes O(n) to the total
runtime, and across all subtrees, the accumulated cost remains O(n?).

For each candidate branch in the target tree, the objective function f.(x)
(Equation 6) is evaluated. Since the number of such leaves is constant (k) and
each distance can be retrieved in constant time via the distance oracle, the
cost of evaluating fe(z) at a candidate point is O(1). The minimum of this
quadratic function can then be found in constant time. As the number of can-
didate branches is linear in the tree size, finding the optimal insertion point for
one subtree takes O(n) time. The tie-breaking comparisons are O(1) per branch.
Summed over all insertions, this step contributes O(n?) to the total running
time.

In addition, operations such as scaling branch lengths, tagging nodes, and
splitting branches are each linear in the size of the subtree being inserted.

Combining all components, the total runtime of the algorithm is O(n?) for
fixed k. Therefore, the k-NCL algorithm runs in quadratic time.

Theorem 1 states the complexity in the fixed-k setting, and the following
Lemma 1 gives the corresponding bound when & is not assumed to be fixed.

Lemma 1 (Time complexity for arbitrary k). For any arbitrary value k €
[2,|CL(Ty, T%)|] (i.e., k is not fized), the k-NCL algorithm completes both trees
on L(Ty) U L(Ty) in O(n?k) time.

Proof. All structural preprocessing steps that do not depend on k remain as
in Theorem 1. Given that each Nj(S,T;) has exactly k leaves, the selection
of k nearest common leaves for Ny (S, T;) requires scanning the |CL(Ty,T3)| <
n common leaves and extracting the k smallest distances using constant-time
distance queries. This step costs O(n) per subtree and is dominated by the
terms below.

The subsequent dependence of the algorithm on k occurs in two places. First,
up to k leaf-based adjustment rates and position distances are computed for each
maximal distinct-leaf subtree S (Equations 3 and 4). Each such computation
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performs a linear number of distance queries over the set of common leaves, i.e.,
O(n). One subtree contributes O(nk), and it results in O(n?k) for at most n
insertions.

Second, the objective function f.(z) (Equation 6) aggregates discrepancies
across the k nearest common leaves for each candidate branch during the place-
ment of S. A single evaluation of f.(z) costs O(k) with constant-time distance
queries from the precomputed distance oracle. Since the number of candidate
branches is linear in the tree size, optimizing one insertion takes O(nk) time,
and it is O(n?k) for up to n insertions.

All remaining operations are dominated by O(n?k). Therefore, the total run-
ning time of the k-NCL algorithm, under the assumption that k is not fixed, is
O(n?k).

Proposition 1 (Preservation of original distances and topology). Let T}
and Ty be rooted phylogenetic trees with branch lengths, defined on overlapping
leaf sets L(Ty) and L(Ty), respectively. Let T denote the completed tree produced
by the k-NCL algorithm for i € {1,2}. Then, for each i, the completed tree T}
preserves both the pairwise distances and the topology of the original tree Tj;.
That is, for every pair of original leaves 1y, 1, € L(T;), d(Tiw)(la, ) = dT) (1, 1).
Furthermore, the completion process preserves the structure of the input tree in
the sense that removing the added leaves from T recovers a tree topologically
isomorphic to T;.

Proof. The k-NCL algorithm constructs 7;” by copying the original tree T; to
obtain 77, which is used as the basis for inserting maximal distinct-leaf sub-
trees derived from the other tree. During this process, no changes are made to
the existing topology or branch lengths of T;. If a subtree is inserted at a loca-
tion along a branch (u,w), the insertion may involve splitting the branch at a
point v*, producing two sub-branches. The total length of the original branch is
maintained through this operation, as described by Equation 7.

AT (u,w) = dT (u, v*) + dTD (v*, w). (7)

Since the cumulative path length across any affected branch remains un-
changed and no other modifications are made to existing paths or nodes in T,
it follows that the distances between any pair of original leaves in L(7T};) remain
the same in T}, as shown in Equation 8.

AT (10, 1) = d T (1g, 1), Vi, lp € L(T}). (8)

Topologically, the only modifications to the tree involve attaching new sub-
trees at points along existing branches without altering the branching order or
connectivity among the original nodes. Therefore, the subtree induced by L(T;)
in T¥ is structurally identical to the original tree T;, meaning that it is topolog-
ically isomorphic. Thus, both the pairwise evolutionary distances and the tree
structure of the original taxa are preserved within the completed tree, supporting
the consistency of the phylogenetic signal.
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Proposition 2 (Symmetry in tree completion). Let T} and Ty be two phy-
logenetic trees defined on different but overlapping sets of taxa, and let k €
(2, |CL(Ty1,T2)|] be fized. The k-NCL tree completion process is symmetric with
respect to the input trees. In particular, the algorithm inserts maximal distinct-
leaf subtrees from Ts into Ty and, symmetrically, mazimal distinct-leaf subtrees
from Ty into Ty. Therefore, applying the algorithm to either input order, (Ty,T5)
or (T, T), results in the same completed trees TYY and Ty, appearing in the cor-
responding output order as (T, Ty) and (T, TY).

Proof. Let T} and T be two phylogenetic trees defined on overlapping but non-
identical sets of taxa, and assume the number of common leaves |CL(T},T2)| > 2.
We analyze each step of the k-NCL algorithm and demonstrate its symmetry
under the exchange of T} and T5. Let k € [2, |CL(Ty, Ts)|] be fixed.

The first step involves computing the set of common leaves CL(T},T5) and
the distinct leaf sets DL(T1|T2) and DL(T»|T}). These operations are symmetric
by definition.

Next, the sets of maximal distinct-leaf subtrees Sz, and Sr, are constructed.
Since the procedure for identifying such subtrees depends only on the structure
of the input tree and the distinct leaf set, which is itself symmetric under tree
exchange.

The global adjustment rate r(71|T%) is computed as defined in Equation 1,
and r(T3|T}) is its reciprocal. Thus, both rates are derived from the same sym-
metric structure of pairwise distances between common leaves. Likewise, the
subtree scaling in Equation 2 applies the adjustment rate uniformly to the in-
ternal branches of the subtrees, and this operation is symmetric in form under
tree reversal, differing only in which tree provides the scaling reference.

The selection of the nearest common leaves N (S, T) and Ny (S, T) follows
Definition 4, which is purely distance-based and invariant in structure under the
reversal of input trees. The computation of leaf-based adjustment rates (Equa-
tion 3) is structurally identical in both directions, relying solely on distances
among common leaves.

The computation of position distances in Equation 4, along with the observed
distances and the construction of the objective function in Equation 6, are all
expressed in the same mathematical form. These components depend only on the
current target tree, the subtree to be inserted, and the distances among common
leaves. Hence, it is structurally symmetric.

Finally, the minimization of the objective function over insertion points on
each branch is performed identically in both directions. Since the optimization
problem defined by Equation 6 is convex and quadratic in x, its analytical solu-
tion follows the same procedure for T and T5.

Overall, each computational and structural step of the algorithm applied to
complete T using T is equivalently reproduced in the process of completing T5
using 7. Therefore, the tree completion process defined by the k-NCL algorithm
is symmetric with respect to the input trees.

Proposition 3 (Uniqueness of tree completion in the k&-NCL algorithm).
Let Ty and Ty be input phylogenetic trees with strictly positive branch lengths, and
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let k € [2,|CL(T1,T»)|] be fized. Then the completed trees Ty and Ty produced
by the k-NCL algorithm are uniquely determined by 11, Ts, and k, regardless of
the order in which mazimal distinct-leaf subtrees are inserted.

Proof. For each i € {1,2}, let T} be the working copy of the input phylogenetic
tree T; used by the algorithm to insert maximal distinct-leaf subtrees from T5_;
onto the original branches e of T} (i.e., branches corresponding to E(T;)). For
each such original branch, the objective function f.(z) (Equation 6) is a strictly
convex quadratic function in x. Therefore, it has a unique minimizer z?. Ties can
only occur across different branches if several branches attain the same minimum
value.

The established tie-breaking rule first restricts to candidates with the global
minimum value of the objective function, then minimizes the distance to the root
leag; (L(T})), and finally uses the fixed rank idx(e) of the underlying original
branch. This induces a total order on candidates and yields a unique insertion
point.

Since candidates are placed only on the original branches and the distances
between the original nodes are preserved (Proposition 1), the candidate set is
unaffected by the order of previous insertions. Therefore, the outcome is inde-
pendent of the subtree insertion order.

Thus, the insertion points for all subtrees and, consequently, the completed
trees are uniquely determined by Ti, Ts, and k.

Proposition 4 (Applicability to binary and non-binary trees). Let T}
and Ty be rooted phylogenetic trees with strictly positive branch lengths, defined
on overlapping leaf sets L(T1) and L(T3), respectively. Trees Ty and Ty may be bi-
nary or non-binary (multifurcating). Let k € [2,|CL(T1,T2)|]. Then, the k-NCL
tree completion algorithm is well defined for (Ty, Ta, k) without requiring the trees
to be binary. All results in Section 3.2 (polynomial-time complexity, preservation
of original distances and topology, symmetry, and uniqueness) remain valid for
both binary and non-binary input trees.

Proof. For each input tree T; with i € {1,2}, the distance d(™*)(u,w) is the path
length along the unique path between u and w, which is well defined in any tree
with strictly positive branch lengths. The sets CL(T;,T3—;) and DL(T;|T5—_;)
depend only on leaf labels. The LCA of a non-empty set of nodes exists and
is unique in any rooted tree. The definition of a maximal distinct leaf subtree
depends only on the ancestor relation and on membership in DL(T;|T5_;). The
k nearest common leaves are chosen using node to node distances and the fixed
index order. None of these constructions require internal nodes to have degree
two.

For complexity, even if the internal nodes of a tree are multifurcating, ev-
ery traversal, Euler tour, and distance oracle construction remains O(n) in the
number of leaves, up to a constant factor. Hence, Theorem 1 and the subsequent
Lemma 1 give the same bounds O(n?) for fixed k and O(n?k) for arbitrary k in
the non-binary case.
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The proofs of Propositions 1, 2, and 3 use only the preservation of edge
lengths on original branches, the tree metric property, the existence of LCA, the
strict convexity of f.(x), and the deterministic tie breaking rule. None of these
parts depend solely on binary branching. Hence, k-NCL can be applied without
modifications to binary and non-binary trees, and all stated properties hold in
this general setting.

B Tree completion illustration on biological trees

Data description. In order to demonstrate the tree completion process of the
k-NCL algorithm, we apply it to two phylogenetic trees of primates, denoted by
Ty and T5, each defined on partially overlapping sets of taxa (see Figure 5). Let
L(Ty) and L(T3) be the sets of taxa in T} and T5, respectively.

The first tree, 71, contains six species: Hylobates, Nomascus, Pongo, Macaca,
Ateles, and Alouatta. The second tree, Ts, includes seven species: Hylobates,
Nomascus, Pongo, Macaca, Pan, Gorilla, and Ateles. The two trees share five
species: Hylobates, Nomascus, Pongo, Macaca, and Ateles, denoted by the
common leaf set C'L(Ty,T3). The total number of unique species across both
trees (i.e., L(T) = L(Ty) U L(T3)) is eight.

@7 (b) Ty
y. Ateles ® Ateles
° 2162
W
192 @ Alouatta
o,
® Macaca
NS 19317
® Macaca
o 0@ Hylobates
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\ ,® Hylobates
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Fig.5. Two phylogenetic trees defined on different but overlapping sets of taxa. (a)
Tree T1 has one distinct leaf (Alouatta) and (b) tree T includes two distinct leaves
(Gorilla and Pan). Distinct leaves and their parent nodes are colored blue.

The goal is to construct two completed trees Ty and Ty that include all
taxa from L(T) = L(Ty) U L(T). All branch lengths and calculated values in
this example are rounded to three decimal places.

Tree completion process. Due to the symmetry of the k-NCL algorithm (see
Proposition 2), the tree completion process can be initiated from either of the
input trees, T} or Ts, without affecting the final result.
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Table 1. Computed values required for the tree completion process by the k-NCL
algorithm, with k = 3 as | %12 | (see the evaluation part results and recommendations).
All values are rounded to three decimal places.

Parameters T T

Pongo, Nomascus, Ateles,

Common leaves Hylobates, M acaca

Maximal S1 = {Alouatta} Sy = {Gorilla, Pan}
distinct-leaf subtrees

Global adjustment r(T1|T2) = 0.982 r(Tz|T1) = 1.019

rates

Nearest common Ateles, Pongo, Macaca Pongo, Hylobates, Nomascus

leaves (k = 3)

p(Ateles) (T4 | Ty) = 0.999 r(Pong0) (T |Ty) = 0.992
r(Pon90) (Ty|T) = 1.008  r(Hvlebates) (T4 |Ty) = 0.976
T(]Macaca)(T2|Tl) — 1.045 T(Nomascus)(T1|T2) = 0.976
4T (Pongo, attyy (S2)) =9.099

N d(T{)(Hylobates, attyy (S2)) = 14.075
P951t10n d(T{)(Nomascus, attys(S2)) = 14.075
distances 4 c

dT2) (Ateles, attqy (S1)) = 10.688
(T (Pongo, attry (S1)) = 45.030
d<Té>(Macaca, attTé(Sﬂ) = 46.687

Leaf-based
adjustment rates

Using Definition 2, the set of common leaves C'L(T1,T%) includes leaves
Hylobates, Nomascus, Pongo, Macaca, and Ateles. The distinct leaves in T
and Ty are DL(Ty|Tz) = {Alouatta}, DL(T3|Ty) = {Gorilla, Pan}. In this ex-
ample, the value of k = 3 is chosen. This value is justified by the recommended
default value described in the evaluation section. The required parameters for
subtree insertion are summarized in Table 1.

Completing Ty with subtrees from Ts. To complete tree T7, the maximal distinct-
leaf subtree So = {Gorilla, Pan} is identified from tree T5. This subtree does
not share any leaves with 77, and must be integrated into 7 to form the com-
pleted tree T}’. The global adjustment rate r(71|7T2) = 0.982 is computed using
Equation 1. This rate scales the branch lengths in S5 to make them compatible
with the evolutionary distances in T;. For subtree So, the algorithm selects its
three nearest common leaves in 75, which are Pongo, Hylobates, and Nomascus,
based on branch length proximity. These leaves serve as references for calculat-
ing the corresponding leaf-based adjustment rates, which are (£°799) (T} |T;) =
0.992, r(Hylobates)(T)|Ty) = 0.976, and r(Nemaseus)(Ty|Ty) = 0.976, using Equa-
tion 3.

Next, the position distances from each of these three common leaves in T} are
calculated using Equation 4. These distances are 9.099 for Pongo, and 14.075 for
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both Hylobates and Nomascus. The candidate insertion point is then selected
by minimizing the objective function f,(z) (Equation 6). The optimal insertion
point, denoted vy, lies along an internal branch of 77, where the adjusted subtree
Sy is inserted (Figure 6). The resulting completed tree T}’ now includes all leaves
from both original trees, as shown in Figure 6 (a). This integration preserves the
internal relationships within 7} while extending it with phylogenetic information
from T5.

@ Ty () Ty
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B v, 9.909
Si scaled by r(Tp|Ty) 7= > @

! 10.89¢
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v, e o,
1 7 . k4 N
& 24 @ Pan & @®- Pan
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@®- Gorilla @®- GCorilla

Fig. 6. Completed trees T and T5°. The distinct leaves and their associated internal
nodes from the original trees 77 and T3 are colored blue. Newly added leaves and their
associated internal nodes are colored red. Associated internal nodes comprise all nodes
of each distinct-leaf subtree, including their attachment nodes. Arrows indicate the
addition of leaves with adjusted branches from one tree to the other.

Completing Ts with subtrees from T;. In the reverse direction, the tree comple-
tion process adds the maximal distinct-leaf subtree S = {Alouatta}, originally
located in T}, into tree T5. Alouatta is not present in T5, making it necessary to
incorporate it into Ty to obtain the completed tree Ty . The global adjustment
rate r(T»|Ty) = 1.019 is computed in the same way as before. The k near-
est common leaves to S; in T3 are identified as Ateles, Pongo, and M acaca,
based on their proximity in the tree structure. For each of these nearest leaves,
the corresponding leaf-based adjustment rates are computed, resulting in values
r(Ateles) (T, |Ty) = 0.999, 7(Pon90) (Ty|T)) = 1.008, and r(Macaca)(T,|T)) = 1.045.

Based on these values, the position distances from the selected common leaves
in Ty to the expected insertion point of S; are calculated. The distances are
10.688 for Ateles, 45.030 for Pongo, and 46.687 for Macaca. These distances
are used to locate a possible insertion point in 75 via the objective function,
whose minimum identifies the optimal location vy along a specific branch. The
subtree Sp, scaled by the adjustment rate r(75|7}), is inserted at this point, as
shown in Figure 6 (b). The resulting completed tree Ty includes all taxa from
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both 77 and Ts, preserving the original structure of 75 while integrating the
distinct taxon from T7.

Results of completing Ty and T,. The outcome of the tree completion process
is illustrated in Figure 6, which shows the completed trees T} and T3’ with all
taxa integrated.

This example demonstrates how the k-NCL algorithm systematically com-
pletes phylogenetic trees by integrating distinct-leaf subtrees through distance-
based placement and branch length adjustment. The mutual completion of T}
and T, results in two augmented trees defined on the same set of taxa, while
preserving the evolutionary structure of the original trees.

C Supplementary tables

The details of the datasets used in this study are summarized in Table 2.

Table 2. Summary of the four biological datasets used in this study: Amphibians,
Birds, Mammals, and Sharks. Each dataset consists of a set of individual phylogenetic
trees (e.g., 100 trees for each taxonomic group in Datasets A). For evaluation, all unique
tree pairs are considered from each dataset, resulting in (];] ) comparisons per group,
where N is the number of trees.

Groups Number of trees Unique species Source
Datasets A Datasets B

Amphibians 100 170 120 [12]

Birds 100 100 135 [13]

Mammals 100 140 105 [32]

Sharks 100 100 95 (28]

The cluster separation metrics (silhouette and Dunn) for the tree completion
method comparison part are presented in Table 3.

D Algorithm pseudocode

The pseudocode for the k-NCL algorithm is provided below to illustrate the
step-by-step procedure underlying the method described in this work.

The k-NCL algorithm can be summarized at a high level as follows. Each
phylogenetic tree T; (for ¢ € {1,2}) is completed by integrating distinct leaves
from the other tree T5_;. The process begins by identifying the common leaf
set CL(Ty,Ty), along with the set of distinct leaves DL(T5_;|T;) (Definition 2).
Based on this, maximal distinct-leaf subtrees (Definition 3) are extracted. They
represent parts of T3_; that should be inserted into T;. To preserve the input
tree, a working copy 77 is created as an exact duplicate of T; (same topology and
branch lengths), and all insertions are performed on 77, leaving T; unchanged.
The extracted subtrees are scaled using a global adjustment rate (Equation 1)
that aligns the average pairwise distances between the common leaves of the two
trees. In order to determine where each subtree from T3_; should be inserted into
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Table 3. Cluster separation metrics (silhouette and Dunn). The highest values in each
species group and for each metric are highlighted in bold. The final Overall block
ranks methods by their aggregated values across all groups. Values are rounded to
three decimals.

Groups Methods Silhouette Dunn

RF(+) 0.389  0.588
Amphibians RF(k-NCL) 0.765 1.588
BSD(k-NCL) 0.555  0.530

RF(+) 0.645 1.154
Birds RF(k-NCL)  0.826 2.654
BSD(k-NCL) 0.724  0.866
RF(+) -0.076  0.150

Mammals RF(k-NCL) 0.668 1.200
BSD(k-NCL) 0521  0.456

RF(+) 0.419  0.500
Sharks RF(k-NCL)  0.734 1.281
BSD(k-NCL) 0.593  0.847

RF(k-NCL)  0.748 1.681
Overall ~ BSD(k-NCL) 0.599  0.675
RF(+) 0.344  0.598

T!, the k nearest common leaves (Definition 4) are identified from branch length
proximity in T5_; and then used to calculate position distances in 7] through
local scaling factors (Equation 4). An optimal insertion point is selected by
minimizing an objective function (Equation 6) that compares position distances
to observed distances (Equation 5) in 7}. Once the optimal location is found,
the subtree is inserted into 7, with adjusted branch lengths. This procedure is
applied iteratively for all maximal distinct-leaf subtrees from T5_;, resulting in
a completed version of T; that incorporates all leaves from both original trees.
The same method is then repeated in the reverse direction to complete T5_;,
producing two mutually completed trees, T} and T
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Algorithm 1: k-Nearest Common Leaves algorithm

2
3

REF-YEC S

10
11
12
13
14
15
16

17

18

19
20
21
22
23
24

25
26

27

28

29
30

31

32
33

34
35

36

37

Input: Phylogenetic trees T1 and Tb; k € [2, |CL(T1,T%)|]
Output: 71 and Ty defined on L(T1) U L(T%)
1 Function kNCL(Ty,T»,k):

CL(T17 Tg) — L(Tl) N L(Tz);

Order CL(T1,T») lexicographically and precompute idx(l) for all
le CL(Ty, T);

foreach T; € {T1,T>} do

DL(Tg_l‘Tl) < L(T3_l) \ C’L(’Tl7 TQ);

> dT (14, 1y)
la,ly ECL(T1,T2)

d(Te”i)(la,lb) ;
la,ly€CL(T1,Ty)
a<b
Ti « Ty
Precompute idx(e) for all original branches e € E(T});
foreach S € S, _, do
foreach (u,w) € E(S) do

foreach [, €¢ NCL do

d T (le,la)
lq €ECL(Ty,T2)

dT3=1) (16,14)
lq€CL(Ty,T3)

AT (L, attys (8)) T (Lo, attr,_,(S)) - 109 (T Tos);
| // Eq. 4
(fmin, v, €, dioot) < (00, NULL, NULL, o0);
oreach e = (u,w) € E(T}) do
if e is not entirely inside an inserted subtree then
foreach I, € NCL do
if . is a descendant of w then
L Oce & —1
else
L Oce — +1
d(TiI)(lc,ve(x)) — d(T'i/)(lc7 u) + e - T - d(T'i/)(u, w);
// Eq. 5

T(ZC) (T2|T3_1) —

-

fo@) e 30 (dT0 (e velw)) — T (L attry (5)))
l.ENCL
// Eq. 6
Solve %fe (z) = 0 for optimal z};
fé = fe(@2);
droot AT (Icagy (L(T}), ve (), ve(@?));
if (f2, droot, idx(€)) < (fmin, droot, idx(€*)) then
L (fmin, dioot, €7, V™) <= (fS, droot, €, ve(2))
// Tie-break: minimize objective, then root
distance, then idx(e).

Insert S at v* in T};
DOTZ/ < Construct distance oracle;

] I
L 111 <_Ti>

return 777, TY

St,_, <+ Find maximal distinct-leaf subtrees; // Remark 1
DOr; + Construct distance oracle; // Remark 2

T(Ti|T3_i)<— a<b // Eq. 1

L d (u, w) — d (u,w) - r(Ti|Ts_;); // Eq. 2
NCL + Ni(S,Ts-); // Def. 4: break ties by idx(l)
attr,_,(S) < parentr,_, (lcar,_,(L(S))); // Attachment node

// Eq. 3
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