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Abstract. The breakpoint distance is a fundamental measure for com-
paring gene orders and plays a central role in genome rearrangement phy-
logenetics. For more than two genomes, breakpoint medians are widely
used to infer ancestral gene orders, yet their typical behavior is difficult to
characterize due to the complex, non-geodesic geometry of genome space.
A conjecture of Haghighi and Sankoff states that for random genomes,
breakpoint medians tend to lie near one of the input genomes rather than
constituting genuinely intermediate solutions. In this paper, we study
breakpoint medians of independently and uniformly sampled signed mul-
tichromosomal genomes. We prove the Haghighi-Sankoff conjecture in
this setting for the first time. We show that with high probability, any
breakpoint median must remain close to a single input genome, rather
than drawing adjacencies from multiple genomes. Our analysis relies on
probabilistic bounds for usable adjacencies in random signed genomes
and structural constraints of the signed multichromosomal model. We
further provide a game-theoretic interpretation that explains why com-
promise strategies lead to increased total distance and the emergence of
anti-medians.
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1 Introduction

Breakpoint distance, introduced in [10] as a combinatorial measure of gene-
order dissimilarity, has proved to be a powerful tool for studying similarities
between genomes. For more than two genomes, the notion of a median genome
plays a central role in comparative genomics, particularly in the reconstruction
of gene-order phylogenies. In the breakpoint framework, the median problem
was introduced by Sankoff et al. [11], who showed that computing a breakpoint
median reduces to the Traveling Salesman Problem (TSP) making it NP-hard for
unichromosomal unsigned genomes. Since then, the breakpoint median problem
has been extensively studied [1,2,15,5,4, 16, 18].
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The difficulty of finding breakpoint medians is rooted in the complex geom-
etry of genome space endowed with the breakpoint distance. More precisely, the
breakpoint distance is not geodesic, meaning that midpoints between genomes
may fail to exist. As a result, shortest paths need not behave continuously, and
standard geometric intuition breaks down (see [7] for an accessible discussion).
This lack of geodesic structure significantly complicates the median problem: al-
gorithms that attempt to approach a median iteratively, starting from an input
genome, often fail. Although many heuristic algorithms for finding breakpoint
medians have been proposed, they are insufficient for exploring the global geom-
etry of genome space or for understanding the typical positions and density of
breakpoint medians of sampled genomes.

Using heuristic algorithms, Haghighi and Sankoff [6] observed an unexpected
phenomenon: for k randomly sampled unichromosomal unsigned genomes with
n genes, the breakpoint median value is approximately (k — 1)n. Even more sur-
prisingly, their simulation studies suggested that medians tend to lie near the
“corners” of genome space, meaning that most heuristic medians were positioned
very close to one of the input genomes. Nevertheless, a small proportion of medi-
ans appeared far from the corners, with some even roughly equidistant from all
inputs. Identifying and understanding such “midpoint” medians is of particular
interest, as these genomes potentially carry balanced genomic information from
all inputs and may be relevant for ancestral genome reconstruction.

In subsequent work, Jamshidpey et al. [7] partially proved the Haghighi-
Sankoff conjecture by establishing the median value (k — 1)n. That work also
introduced the notions of partial geodesics (or geodesic patches) as a means of
reaching non-trivial medians far from the corners, termed “accessible genomes”.
A key result was that almost all adjacencies of a median must already appear
among the adjacencies of at least one input genome. In other words, medians are
not allowed to introduce many new adjacencies outside the union of adjacencies
of the input genomes. This observation is crucial: it opens a principled pathway
to constructing medians far from corners by selecting adjacencies from all input
genomes, rather than predominantly from a single one.

Motivated by this observation, Larlee et al. [9,8] attempted to construct
medians by compromising the number of adjacencies taken from k randomly
sampled signed genomes. Specifically, for z € (0, 1), they sought to construct
a genome G that takes a proportion x of adjacencies from each of the k input
genomes, yielding a total of kz adjacencies, and to maximize x subject to the
constraint that kz be as close as possible to 1. Unexpectedly, this approach
failed and produced the opposite effect. Larlee et al. [9,8] observed that the
more one attempts to compromise, the smaller the maximal achievable value
of x becomes, and hence the greater the total distance of G from the input
genomes. They introduced the notion of anti-medians to describe genomes that
are equidistant from all inputs yet as far as possible from being medians.

Random sampling of adjacencies from input genomes [8] offers little con-
trol over the structural compatibility of adjacencies in signed multichromosomal
genomes with circular chromosomes. The original Haghighi—Sankoff conjecture,
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however, concerned unichromosomal unsigned linear genomes, and additional
constraints arising from unichromosomal structure must be handled carefully.
Motivated by the work of Larlee et al. [8], da Silva et al. [12] introduced nec-
essary conditions and constraints governing how adjacencies can be taken from
each input genome. We believe that the framework developed in [12] will play a
key role in answering whether the Haghighi-Sankoff conjecture holds or fails for
unichromosomal unsigned genomes. By contrast, the case of multichromosomal
signed genomes is more tractable, and in this setting, we are able to fully prove
the Haghighi—Sankoff conjecture in this work.

As discussed above, understanding how far medians can lie from the corners
is deeply tied to the geometry of genome space. Moreover, the technical tools
required for signed versus unsigned, and for unichromosomal versus multichro-
mosomal genomes, differ substantially. In particular, the constraints involved in
constructing signed genomes, which are the focus of this paper, are significantly
stronger than those arising in the unsigned setting. This added structure makes it
possible to prove versions of the Haghighi—Sankoff conjecture for signed genomes
that remain out of reach for unsigned ones at this moment. Nonetheless, the
large body of heuristic algorithms for breakpoint medians (many based on TSP
heuristics) remains insufficient for understanding the geometry of the breakpoint
distance and the relative position of medians relative to input genomes.

A recent breakthrough in this direction was achieved in our earlier work [13],
where for the first time all exact (non-heuristic) medians of randomly sampled
unichromosomal genomes were enumerated (the method applies to multichro-
mosomal genomes as well). This exhaustive enumeration enabled a much more
precise understanding of the geometry of genome space and of the positions of
medians relative to the sampled input genomes.

In this paper, we study the relative position of breakpoint medians for k
independently and uniformly sampled signed multichromosomal genomes. For
simplicity, we assume that all chromosomes are circular; the methods extend
naturally to linear chromosomes via a standard telomere-capping construction.
For the first time, we prove the Haghighi-Sankoff conjecture for signed mul-
tichromosomal genomes. More precisely, we show that with high probability,
for any median genome G of k independently and randomly sampled genomes
G1,...,Gk, if x; denotes the proportion of adjacencies shared between G and
G, with 1 +--- 4+ 23, = 1, then there exists an index j such that z; = 1 and
x; = 0 for all ¢ # j. Equivalently, any median must lie very close to one of
the input genomes. Our results continue the line of work initiated by [9, 8], but
differ fundamentally from attempts to prove analogous statements for unsigned
unichromosomal genomes, such as the approach in [12]. The stricter constraints
in signed multichromosomal genome models play a decisive role in enabling our
proofs.

More precisely, motivated by similar ideas for signed genomes [8], da Silva
et al. [12] introduced a classification of gene adjacencies of a random genome G’
relative to a given reference set of adjacencies Z. This classification allows one
to count the number of usable adjacencies of G’ with respect to Z.
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More generally, in the context of constructing a median genome for k indepen-
dently and randomly sampled genomes Gy, ..., G, this implies that any median
G must draw almost all of its adjacencies from at least one of the input genomes.
Suppose that a set of adjacencies Z,. has already been taken from Gy, -- , G, for
1 < r < k. One then seeks the largest possible set of usable adjacencies J41
from G, 41 such that Z, 41 = Z,,UJ,41 can still be extended to a median genome.
The goal is to optimize this sampling process so that Z; constitutes a complete
genome G. Finding such a G guarantees that it is a median of Gy,--- , Gi.

This is not always possible, and depending on the underlying restrictions,
the size difference between a full genome and Z; may be substantial. These
restrictions depend on the genome model, including whether genomes are signed
or unsigned, and multichromosomal or unichromosomal. Comparing signed and
unsigned cases, once a set of adjacencies 7 has been sampled, the average number
of usable adjacencies of a random genome is significantly smaller in the signed
case. This observation is the key mechanism that allows us to prove the Haghighi—
Sankoff conjecture for signed multichromosomal genomes in this paper.

Finally, we use game-theoretic ideas to explain why compromising, as in [§],
leads to increased distance rather than improved median quality. We model each
genome as a player in a cooperative general-sum game with transferable utility.
Each player G; gains a payoff x;, the proportion of its adjacencies used in the
constructed genome G, and the players jointly aim to maximize x1+-- -+ < 1.
We determine the Pareto-optimal boundary of this game and show that the

maximum total payoff is achieved at the extreme points e; = (0,...,1,...,0). As
one moves along the Pareto boundary toward more balanced compromises, the
total payoff decreases, reaching its minimum at a symmetric point z = (a, ..., a)

with a < 1. This fully explains why increased compromise in the number of gene
adjacencies taken from input genomes leads to genomes that are farther from
being medians and clarifies the emergence of anti-medians.

The remainder of the paper is organized as follows. In Section 2, we review
genome representations, breakpoint distance for signed genomes, and the be-
havior of breakpoint distance for two random genomes. In this section, we also
establish probabilistic results for medians of k independently sampled genomes.
In Section 3, we prove the Haghighi-Sankoff conjecture in the signed multichro-
mosomal setting and show that, with high probability, all approximate (and
hence exact) medians lie at the corners. Finally, in Section 4, we develop the
game-theoretic framework explaining why compromise in the number of gene
adjacencies taken from input genomes increases the total distance and leads to
the appearance of anti-medians.

2 Probabilistic structure of common adjacencies and
breakpoint medians

Although the methods in this paper can be easily extended to multichromo-
somal genomes with linear and circular chromosomes, for the sake of simplic-
ity we assume that all chromosomes are circular. Therefore, having no telom-
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ere in our model, a signed multichromosomal genome with circular chromo-
somes can be represented as a perfect matching on the set of vertices £[n] :=
{£1,£2,...,£n}.

More precisely, for a set of genes labeled by 1,2,...,n, we denote by —i
and +i the two extremities of gene ¢. In fact the signs may be interpreted as
encoding gene polarity (strandedness). A genome with gene content 1,2,...,n is
then represented by a perfect matching on £[n], where each edge of the matching
determines a gene adjacency, linking two neighbouring genes. Note that allowing
chromosomes in arbitrary number and of arbitrary sizes places no restrictions on
the associated perfect matching. For instance, an edge (gene adjacency) {—i, +i}
means that the genome contains a circular chromosome of size 1, with gene
content ¢. We denote by G,, the set of all perfect matchings on +[n].

In general, the gene content of a genome G may be any finite subset V(G) C
[n]. In this case, the gene extremities of G are elements of £V (G) := V(G) U
(=V(G)), and the genome G is a perfect matching on £V (G). We represent such
a genome as G = (£V(G), E(G)), where £V (G) is the set of vertices and E(G)
is its set of edges. Note that for G € G,,, £V (G) = £[n].

Introduced in [10], breakpoint distance (bp-distance) is often used to measure
the similarity between two genomes. More specifically, for a pair of genomes
G, G', the breakpoint distance d(G,G’) can be defined by

4G, ¢) = L |B(G) AB(G)),

where A denotes the symmetric difference between sets and | - | denotes the
cardinality of the set. In particular, for G, G’ € ,,, this formula reduces to

d(G,G') =n— |E(G) N E(G)].

Letting G be the space of all perfect matchings on +5 := SU(—S), for finite
subsets S C N, (@G, d) is a metric space. In addition, for any n € N, (G,,d)
is also a metric space. Let S,, be the group of permutations on +[n] with the

function composition as the group action. We can define the action of Si,, on
G, byo-Ge G, foroc e S., and G € G, where

V(e -G)=%[n],  E(o-G)={{a(i),0(4)}:{i,j} € E(G)}.

That is, the action relabels the gene extremities via the permutation o € S,,.

Indeed, the action of Si,, on G, defined above is distance preserving, i.e.,
for any G,G" € G,, and 0 € Sy, d(o - G,0-G') = d(G,G"). We say that the
bp-distance is invariant under the action of S4,, on G,,.

We begin by analyzing the distribution of common adjacencies between in-
dependent random genomes. This provides a probabilistic baseline for genome
comparison and plays a key role in understanding the structure and typical be-
havior of breakpoint medians in later sections.

Let G and G’ be two independent genomes chosen uniformly at random from
G, Let 0, € G, be the perfect matching on +[n] defined by E(o,) = {{—i,+i} :
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i € [n]}. Let (G')~! C Si, denote the set of all permutations o on =+[n] such
that o0 - G’ = 0,,. Let mg: be selected uniformly at random from (G')~!.

Since G’ is a uniformly random perfect matching in G, the mapping 7 :
G, — S, defined by G’ — mg/ induces the uniform probability on Si,. In
other words, mg: is in fact a uniformly random permutation chosen from S_,.
Furthermore, mg: is independent of G, and mg: - G is a uniformly random perfect
matching in G,,. As a result, since d is invariant under the action of S4,, on G,
we deduce

d(G',G) L d(o,, g - G) L d(0,,0),

[13 d’?

where “=" indicates equivalence in distribution. This reduction allows us to
replace a two-genome comparison with a one-genome problem relative to a
fixed reference, greatly simplifying the analysis. More precisely, to study the bp-
distance of two independent random genomes, it suffices to study the bp-distance
of a uniformly random genome G € G,, and the reference genome o,, € G,,. Note
that the choice of o,, is arbitrary and any other fixed perfect matching in G,
can serve as the reference genome.
To simplify notation, for the set of genomes V = {G1,...,Gy,}, let

Ay = AGhGQ,_.’Gm = E(Gl) N E(Gg) Nn---N E(Gm)

Intuitively, in large random genomes the probability that a specific adja-
cency appears in both genomes is small, and distinct adjacencies behave al-
most independently. It is well-known that for two independent random genomes
Gn,G,, € G,, as n — oo, the number of common adjacencies |Ag, g/ | con-
verges in distribution to Poisson(1/2), i.e. to a Poisson random variable with
parameter 1/2 (see for example [17]). We give a full treatment of this statement
in Appendix A, where we show that a stronger mode of convergence—namely,
convergence in total variation—holds (cf. Appendix A).

In the sequel, we use the Poisson asymptotics obtained in Appendix A to
analyze the typical behavior of breakpoint medians for multiple random genomes.
In particular, we study the median of k € IN perfect matchings Gy, Go, ..., Gk,
picked independently and uniformly at random from G,,.

The geometric medians were used in comparative genomics for the first time
by Sankoff et al. [11]. They have extensive applications in gene-order phylogenet-
ics. A breakpoint (bp) median of a set of genomes A = {G1,Ga,...,Gi} C G,
is a genome G € (G, that minimizes the total breakpoint distance function

The minimum value of the function is called the bp-median value of A. We
denote by M,(A) = M(A) = M(G,...,Gy) the set of all bp-medians of A,
and by pn(A) = u(A) = u(Gq, . .., Gy) the median value of A. The median of a
single genome G is itself. Also, G is a median of two genomes 1, G> if and only
it Ag, ¢, € Ag C Ag, U Ag, (cf. [7] for unsigned genomes). In addition, for k
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genomes A = {G1,Gs,...,Gr} C Gy,

k
u(A) < 3G, Gr) < (k= D).
i=1

We continue by recalling that for k& perfect matchings Gy, Go, ..., Gk, chosen
independently and uniformly at random from @G,,, the pairwise distances satisfy
d(G;,G;) = n — Op(1), with Poisson(1/2)-type fluctuations in the number of
common adjacencies. Consequently, studying the medians and median value of
G1,...,G is similar to studying those of deterministic genomes G1, ..., Gy with
pairwise maximum distance d(G;, G;) = n for i # j. The proof of the following
proposition is given in Appendix B.

Proposition 1. Fork,n>1,let A= {G,...,Gi} C Gy, such that d(G;,G;) =
n for all i # j. Then p(A) = (k — 1)n, and for any G € M(A),

k
Ac € | Ae..
i=1

Remark 1. Under the assumption of Proposition 1, A C M (A).

Proposition 1 shows that when genomes are pairwise at maximum bp-distance,
any median is forced to draw all its adjacencies from the input genomes. In par-
ticular, no median can introduce new adjacencies beyond those already present in
the data. We now extend this deterministic picture to the case of k£ independent
random genomes. Since random genomes are pairwise almost maximally distant,
Proposition 1 suggests that their medians should behave similarly, up to small
random fluctuations. We make this intuition precise by extending Proposition 1
to k independent random genomes in G, .

To this end, for A = {G1,...,Gx} C Gy, let B4 = Bélw_ka = Aag,,...cp-
Then, for any j =1,--- ,k, define

A . A
BG17~~-7G1717G]'+17~-G1¢ T Ale---ijflij+lv-~Gk \BG17---7Gk
Continuing inductively, for any I = {Gj,,...,G;.} C A, we set

8}4 = Béil,.“,Gir = AI \ ( U Bé)'

SV

In other words, Bf‘ consists of all adjacencies that are present in every genome
in I, but absent from every genome in A\ I. The sets B\ decompose shared
adjacencies according to the subsets of genomes in which they appear.

Let Up i, L i : (G,)* — Z be defined by

Uni(Gr,....Ge) = Y (|- 1)|Bil,
0AICIk]
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and

L, (Gy,...,Gy) = ?é?ifz lAc,.c,l,
J#i

where in the latter, for each fixed ¢ € [k], the inner sum runs over all j € [k]
with j # i, and computes
Z |AG'i7Gj |

J#i

The outer maximum then selects the largest value of this sum over all choices of
i. Thus, for each genome G, we sum the quantities [Ag, g, | over all j # i, i.e., we
add up the sizes of its pairwise adjacency intersections with the other genomes.
An adjacency that is shared between G; and multiple genomes G; contributes
once for each such j, and may therefore be counted multiple times in this sum.

The next result provides explicit upper and lower bounds on how far the
median value can fall below the maximal value (kK — 1)n. These bounds depend
only on how adjacencies are shared among subsets of the input genomes. The
proof is given in Appendix B.

Theorem 1. For any k > 3, and any set A = {G1,...,G} of perfect matchings
in G, we have

Ln,k(Gl; ey Gk) S (k — l)n — ,U,(A) S Un,k(Gla ey Gk) (1)

In other words, Theorem 1 shows that the deviation of the median value
from its maximum is entirely governed by the shared adjacencies among the
input genomes. For random genomes, such shared structures occur only sparsely,
leading to tight probabilistic control over the median value.

Now let us apply this result on a set of k independent random perfect match-
ings A ={G1,...,Gr} C G,,. As mentioned, this is very similar to the case of k
non-random perfect matchings with pairwise distance n.

More precisely, for any I C [k] with [I| > 3, A; = 0 as n — oo, and Ag, g,
and Ag, g. are asymptotically independent if {7, j} # {r, s}. This is immediate
when {i,j} N{r, s} =0, since the perfect matchings are independent. To see the
case {1,j},{i,k}, let &, = 1{{—r,4+r} € E(G;)}. On the other hand, from the
invariance of the action of the group of permutations on G,,, we can assume that
G; = 0,,. Then

n n
Agi7gj = Z gjra Agi,Gk = Z §k7'~
r=1 r=1

But since G; and Gy are independent, so is &, and &, for 1 < 7,5 < n.
Then from the Poisson limit for common adjacencies discussed from Ap-
pendix A, we deduce, for any i € [k],

k—1
Z |Ag,.g;| = Poisson<2> ) (2)
jelk\{i}
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and

k(k—1
Uni = Poisson<(4)> . (3)

We have readily proved the following result. Let o and 8 be two independent
Poisson random variables, i.e.

@~ Poisson<k;1> ) B~ Poisson(W> _

Note that a + § has the same distributional limit as U, in (3). We say a
nonnegative integer-valued random variable Z is stochastically dominated by Y,
Z =q Y, ifforevery k€ Z, P(Z > k) <P(Y > k).

The following theorem provides stochastic bounds on the deviation of the
median value of k independent random genomes from (k — 1)n. The proof is
given in Appendix B.

Theorem 2. For a given k > 3, let A, = {g§”>,...,g,§">} C Gy, be k perfect
matchings chosen independently and uniformly at random from G,,. Then for
every k € Z,

Pla>k) < linniigflP((k —Dn— u(A,) > k)
<limsupP(((k — 1)n — u(A,)) > k) <P(a+ 8> k).

n—oo

Furthermore, ((k — 1)n — p(Ay))nez,. is tight and hence every sequence of that
has a further subsequence that converges in distribution. For every subsequence
limit X*, we have

« jst X jst Oé+ﬁ

The previous theorem shows that the deviation (k — 1)n — u(A,) remains
stochastically bounded as n — co. In particular, the median value differs from
its maximal possible value (k — 1)n only by a random quantity of order O(1).
The next result formalizes this observation by showing that this deviation be-
comes negligible under any diverging normalization. The proof is deferred to
Appendix B.

Theorem 3. For any diverging sequence (an)n>1 of strictly positive numbers,
an, — 00, as n — 0o, we have

Qn

— 0, n probability.

While the previous result concerns the median value, it does not yet describe
the structure of the median genome itself. The following theorem addresses this
question by showing that, with high probability, a median genome introduces
only a vanishing proportion of adjacencies not present in the input genomes.
The proof is given in Appendix B.
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Theorem 4. Let k > 3, and let A,, = {gf"), - .,g,i")} be k perfect matchings
chosen independently and uniformly at random from G,,. For any G € M(A,),
then as n — oo,

5.

k
|AG \ Ui:l Ag,
n
Taken together, these results indicate that the bp-median of random genomes
is both value-wise and structurally constrained.

3 Position of the median of random genomes

In this section, we study the position of the median genome (perfect matching)
of k independent random perfect matchings in G,,. As shown in the previous sec-
tion, the median value is asymptotically (k—1)n, and the number of adjacencies
of the median that do not belong to the union of the input genomes becomes neg-
ligible. More precisely, after normalization by any diverging sequence (an)n>1,
this quantity converges to zero in probability.

Before proceeding, we state the guiding question of this section. While the
previous section showed that the median value of random genomes is close to
its maximum possible value, this does not by itself determine where the median
genome is located in genome space. Here we ask whether a median can lie in
the interior of the simplex spanned by the input genomes, or whether it must be
concentrated near one of the inputs.

Let A4, = {QYL), ey g,i”’} be a collection of independent random genomes.
Given nonnegative weights x1,...,x; with =1 +--- + z = 1, our goal is to
determine whether there exists a median G € M(A,,), whose bp-distance to

g§”) is approximately (1 — x;)n, that is |A )7g;n>|/n — X, as n — 00, in

gm,g!
probability. We denote by Ay, the (k — 1)-dimensional probability simplex,

A= {(z1,...,2;) ERF: 2; > 0for all 4, and @1 + -+ + x4, = 1}.

In fact Ay parametrizes all possible normalized overlap profiles between a candi-
date median and the &k input genomes. Points in the interior of Ay correspond to
medians that take their adjacencies across multiple genomes, while the vertices
represent medians that coincide almost entirely with a single input genome.

We will show that this is impossible except in the trivial cases where z; =1
for exactly one index ¢ and x; = 0 for all j # 7. This means that the approximate
medians (and hence exact medians) of k independent random genomes cannot
lie far from the “corners”, the input genomes.

We say that a sequence of random variables (Z,,) converges to a random

variable Z in L™, denoted Z, L Z, i E(|Z, — Z|™) — 0, as n — oo. It is well
known that convergence in L? implies convergence in probability, and the latter
implies convergence in distribution. In what follows, we exploit this fact through
a precise control of certain edge counts in random genomes. A key ingredient
in our analysis is a quantitative understanding of how many edges of a random
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genome can avoid a prescribed set of gene extremities. The following theorem
provides such a result and serves as the main probabilistic input for ruling out
interior points of Ay. The proof is deferred to Appendix B.

Theorem 5. Let m = m,, be such that m/n — z, as n — oo. For any given set
R, C £[n] of size |R,| = 2m. Let G™ be a perfect matching selected uniformly
at random from G, and let F,, = F,(Ry,) be the number of edges in E(G™)
with both vertices in £[n] \ R,,. Then

%L—2>(1—x)2, n — oo.

Theorem 5 shows that, asymptotically, the number of edges that remain
available after fixing a fraction x of gene extremities concentrates sharply around
a deterministic value. In particular, once a positive proportion of edges has been
fixed, the pool of remaining free edges shrinks quadratically. This concentration
phenomenon severely limits the number of edges that can be simultaneously
borrowed from multiple random genomes without creating conflicts, and is the
key mechanism behind the collapse of feasible overlap profiles to the boundary
of the simplex.

Remark 2. As F,, does not depend on the specific choice of R,, but only on its
cardinality, we may regard F), as a function of m, writing F,, = F},(m).

From the definition of F),, it is clear that it counts the number of edges in
G whose both ends are free (not used) with respect to R,,. Motivated by this,
for a genome G € G,, and a set R C %[n], we say an edge of G is free (or with
free ends) if both vertices covered by that edge are in +[n]\ R. Theorem 5 counts
the number of free edges in a random genome G™ with respect to any arbitrary
set of gene extremities R,,, with |R,| = 2m.

For a given « = (z1,...,x) with aqy +---+ap =1, 2;, >0, fori=1,...,k
and a set A, = {Q%n), cee Q,(C")} of perfect matchings chosen independently and
uniformly at random from G,,, we are to see whether it is possible to find a
median G € M(A,,) so that |Ag.q,| =~ |zin].

Let x1,...,x; be as above, and let m; = mq(n),...,mg = mg(n) be such
that m;/n — x;, as n — oo. We are to sample m; edges from g§"), mo edges
from gé”), ..., and my edges from g,i"), so that these m;+- - -+my, edges together
with the remaining n— (mq +- - - +my,) edges that are not from Ufil Ao form
a perfect matching (genome) G € G,,. '

The sampling can be performed on k! different orders. More precisely, any
permutation o on [k] = {1,2,--- ,k} induces an order (1), -+ , (k) on [k]. Then
for any permutation o on 1,2, - |k, we sample the adjacencies as follows. We
first sample m,(;) edges from F;,(0) = n free edges available in Qgg), Me(1) <
F,(0) = n. Denote by I,(1) the set of these sampled edges. Then sample m,,(2)
edges from gfj(’;) that are free with respect to I,(;), therefore we must have
Mg (2) < Fr(Mg(1)). Continuing in this way, denoting by I,(1), ..., I(r) the edges
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(n)

sampled from G{7),, ..., G0,
free with respect to I5(1) U+ U I,(;), hence we must have

we sample m, (1) edges from gf,’(‘j, 41y Which are

ma(r+1) é Fn(gg)a

where 57 = 87(n) = my(1) + -+ + Mgy for r > 0, and 5§ = 0. This yields the
constraints, for r =0,...,k—1

0< Mo (r41) < Fn(gg)v gg/n - sia

as n — 00, with s§ =0, 87 = z5(1) ++ -+ Zg(r). In particular, s{ = v,y +-- -+
Lo(k) = 1.
From Theorem 5, we know
Fn(s7)
n

2
L—)(l—s;f)2, n — 0o.

Hence
Mo . F, (57
0 < o = Jim U < i BT ) = -0

Passing to the limit n — oo, these sampling constraints translate into deter-

ministic inequalities on the limiting overlap proportions (x1,...,x). Therefore
(1,...,2k) € A must satisfy
Torpn) < (1—57)%, r=0,....k—1, (4)

for any permutation o on [k]. Inequalities (4) impose strong constraints on the
feasible weight vectors (z1,...,zx). In particular, they rule out any balanced
allocation of overlap across multiple genomes, a fact that will force all feasible
limits to lie at the vertices of Ayg.

Note that By exchangeability of gln), cee gk"), the order of sampling does
not matter. For any given permutation o on [k], system (4) admits no non-trivial
solutions: the only feasible points in Ay are the vertices ey, . .., ex. Equivalently,
no interior point of the simplex can arise as an asymptotic overlap structure
of a median for random genomes That is, the only solutions of (4) are x =

(1,...,21) = e; fori =1,..., k, where e; denotes the i-th standard basis vector
in R*.

We say a genome G is an approximate median for QYL),...,Q,(:L) if, as
n — 0o,

- R (n) g

0,
in probability, or equivalently,

k |Ag(n),g§")|

n

— 1, in probability.

(]

i=1
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The arguments above guarantee that with high probability there is no approx-
imate median far from gf"), cee g,ﬁ”). This conclusion has an important concep-
tual implication. Although the bp-median is well defined for random genomes,
it does not behave like an “average” genome combining features from multi-
ple inputs. Instead, the medians are forced to collapse toward one of the input
genomes, both in its total bp-distance and in its adjacency structure. The fol-
lowing theorem is readily obtained from the arguments above, showing that any

approximate median must lie asymptotically at a corner of the simplex Ay.

Theorem 6. Let A, = {g§”), . ,g,(c”)} be k perfect matchings chosen indepen-
dently and uniformly at random from G, and suppose G = G € G,, is their
approximate median such that as n — oo,

[ Ag.o.|

=R o,
n

with x = (x1,...,7) € Ax. Then x € {e1,...,ex}.

Remark 3. Theorem 6 implies that approximate medians (and hence exact me-
dians) of a set of random genomes concentrate near the “corners’(i.e. input
genomes) with high probability.

4 Anti-medians and a game-theoretic interpretation

In this section we study the midpoints of a set of genomes A,, = {QYL), . ,g,i”)},
sampled independently and uniformly at random from G,,. The midpoints of
Gi, ..., Gk are these perfect matchings (genomes) which are equidistant from the
input genomes Gy, ...,Gg. In particular we try to find the midpoints with the
closest total distance to A,,. These are called anti-medians and are obtained
in an attempt to compromize the number of adjacencies shared from the input
genomes [8]. We interpret this problem as a game of gene-sharing that is played
by k players G, ..., Gk. This reduces to an optimization problem that we solve
and deduce that compromising results in an anti-median behavior. This fully
explains the simulation observation regarding the appearance of anti-medians
after compromising the gene adjacencies in [8].

Let A, = {Q%n), QQn), ... ,Q,(Cn)} be k perfect matchings picked uniformly and
independently at random from G,. We frame this as a game in which each
genome G, plays the role of player ¢. The players Gi,..., Gy cooperate. Each
player G;, for i = 1,...,k, shares a proportion «; of its adjacencies, namely
I;, with others. We assume |I;| ~ a;n. The goal for players is to share their
adjacencies such that | JI_, I; be a part of genome G, that is if J_, I; constitutes
a perfect matching on a subset of £[n]. Since the perfect matchings are sampled
independently and uniformly at random, with high probability their pairwise
common adjacencies are few, so we may assume that the I; are pairwise disjoint,
ie. I; NI; = @ for ¢ # j. The payoff for player ¢ is ;. This is a multiplayer
cooperative game with transferable utility, which means side payments among
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players are allowed. Therefore the goal for players Gy, ..., Gy is to maximize the
utility (payment) function u(ay,...,ax) := a3 + - -+ + ay, so the problem is to
find (a1, ..., ax) such that u is maximized.

It is well known that the optimal solutions of a multiplayer cooperative game
with transferable utility lie on the Pareto optimal boundary of the set (domain)
of possible payoff vectors (called feasible set).

Definition 1. A feasible payoff vector o = (a1, ..., ay) is Pareto optimal if no
feasible vector o/ = (o, ..., a)) satisfies o, > o for all i unless o/ = a.

In other words, no player can gain more without making at least one player
worse off. The set of all Pareto-optimal feasible vectors is called the Pareto
optimal boundary of the game.

In the sequel, we find the Pareto optimal boundary ¢, of our gene-sharing
game and show that the minimum payoff on ¢, occurs on its intersection with
the set {(aq,...,ax) : @1 = as = -+- = ay}, which is the compromiser of the
payoff. We first study the case of two players (two random genomes) and then
extend the results to general k.

For two players g£”) and gg”% we may have two sampling mechanisms. Either
player 1 first shares [a1n] of its adjacencies I7, and then player 2 can only share
[aan] of its free adjacencies with respect to I, that enforces as < (1 — aq)?; or
vice versa, player 2 shares first and player 1 shares next, enforcing oy < (1—a2)?.
This means that the set of feasible payoff vectors is

Py :={(a1,a2) > (0,0) : aq < (1 —a)? or az < (1 —ay)?}
= {(a1,a2) > (0,0): a1 < (1 —a2)?} U {(a1,a2) > (0,0): ay < (1 —aq)?}.

The first condition ay < (1 — a)? is equivalent to either

2 — /4 2+ /4
S%:1, /o, or 0412%,

where the latter is impossible as it contradicts with a; € [0,1]. This implies
aj + /as < 1. This and the same argument for a; < (1 — az)? concludes

Py, = {(a1,2) > (0,0) : a1 + Jaz <1} U {(a1,a2) > (0,0) : az + /a7 < 1}.
(1)
This is because the intersection of a; + /az = 1 and ay + /a1 = 1 occurs
at (aq,q0) = (%, %) that comes as the intersection of both with the line
a1 = g, that is the solution to a1 + /as =1 = ay + /a7 (see Figure 1).
We have readily the following result.

(€3]

Theorem 7. For two-player games with players QYL), g§”>, the Pareto optimal
boundary of feasible set of payoff vectors is the function ¢ : [0,1] — [0,1],
defined by

3-V6

2 bl
3—+v5
1—ay, fora;> 2\[.

IN

(1 - 051)27 fOT (€51

as = ¢ga(a1) =

V
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Fig. 1. Feasible payoff region P> (shaded) and Pareto boundary for the two-genome
game. The boundary consists of the curves ap = (1 — a1)2 and s = 1 — /1. The

diagonal segment oy = a2 connects (0,0) to their intersection (%, 3*2\/5), and the
line a1 + a2 = 1 is shown for reference.

The set of feasible vectors P; is the area surrounded by (inside and including)
a1 =0, as = 0, and ¢2. As mentioned, it is well-known that the optimal solution
of gene-sharing game are on ¢s. Otherwise, at least one player can increase its
payoff without making the other player worse off. So the first step for players G,
and G, is to agree to choose their payoff vector on ¢o. Therefore the optimization
problem of finding the best and worst payoff U(ay, o) = ay + o, reduces to:

Optimization Problem 1 (Median). Find (a1, ¢2(a1)) with aq € [0,1] such
that the function aq — aq + ¢o(a) is maximized.

Optimization Problem 2 (Anti-median). Find (a1, ¢2(oq)) with a; € [0,1]
such that the function oy — a1 + ¢2(aq) is minimized.

From the definition, it is clear that the function a3 — a1 + ¢o(aq) is
strictly decreasing on [0, 3*2\/5} and strictly increasing on [3*2‘/5, 1]. This im-
plies that the solutions to the optimization problems (1) are (ag,as) = (0,1)
and (a1, a2) = (1,0). In other words the function oy — a1 + ¢2(a), attains its
maximum at ag = 0 (i.e. (a1,a2) = (0,1)) and o = 1 (i.e. (a1,a2) = (1,0))
with maximum value U(0,1) = U(1,0) = 1 that corresponds to the approximate

medians tending to the corners (input genomes QYL) and g;")).
On the other hand, the unique solution to the optimization problem (2)

is (a1,a0) = (%, %) . In other words, the function ay — a3 + ¢2(a1)

attains its minimum on a; = 3*2\/‘?’ (ie. (a1,00) = ((3 —+/5)/2,(3 —5)/2))
which corresponds to full compromisation and anti-median.

Furthermore, as oy + a; + ¢o(aq) is decreasing on o < (3 — /5)/2 and
increasing on a3 > (3 — \/5)/2, we can conclude that the more G; and Gy
compromise, the less the genome G constructed from their shared adjacencies
behaves like a median, i.e. the more G behaves like an anti-median. This fully
explains the observations from the simulation studies in [9, 8] for k = 2.
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The same idea extends to k players, although the Pareto optimal boundary
will become a hyper-surface ¢ on Rﬁ.
Recall that the total payoff is u(ay, ..., ar) = ay+- - -+ ag. Denote by Py the

set of feasible payoff vectors for Q%"), cee, gk"). Then P, = U, P7, where the union
is over all permutations o of [k], and P¢ is the set of all & = (ay, -+ , o) € RE,
with aq, -+, ar < 1, for which

Ay < (1= ap)® r=1,....k—1.
t=1

As the optimal payoff vectors are located on ¢y, first Gy, ..., Gi agree to take
their payoff vector on ¢, and then they try to optimize it. Having themselves
restricted to ¢y, the maximum and minimum payoff on ¢, can be stated and
solved similarly.

It concludes that the maximum value of u on ¢ occurs at payoff vectors
a = (ay,...,a) = e, for i = 1,...,k, where as before ¢; € R* denotes
the i-th standard basis vector. This corresponds to the approximate median
of g%"), L. ,g,ﬁ") that all tends to the corners.

On the other hand the minimum value of v on ¢, occurs at the unique point
on the intersection of ¢ and the diagonal of ]Rf“H ie.

{v'y =N {(a1,...,ap) ERE 1oy =ap = -+ = ag. }.
Letting v* = (0(k),--- ,0(k)), equivalently oy = ap = - -+ = ay, = 0(k), we have
0(k) < (1 —r0(k))2,
for r = 0,--- ,k — 1. Since the right-hand side decreases as r increases, the

strongest condition is when r = k — 1. Therefore, to have v* on the Pareto
optimal boundary, we must have equality, i.e.

O(k) = (1 — (k — 1)8(k))>.
Note that the larger root of the last equation is not admissible in the present
setting, as it does not lie in the set of feasible payoff vectors. Therefore, 6(k) is
the smaller root, which is given by

2% —1— Ak —3
b(k) = 20k —1)2

The total payoff is

k(2k — 1 — Ak — 3)
2(k — 1)2 ’

u(v*) = kO(k) =

and the total distance of v* to G\"), - -- ,g,i") is approximately kn(1 — 6(k)).

This solution corresponds to the anti-median of g§”), . Q,(c”). Between these
two scenarios, one can see that the total payoff decreases as we move on lines be-
tween e; to v*, fori = 1,..., k. This fully explains the appearance of anti-medians
after compromising the number of gene adjacencies taken from an), cee an) and
shows why the total distance increases as we increase compromization.



Breakpoint medians and anti-medians for signed genomes 17
5 Discussion

We have shown that for independently and uniformly sampled signed multichro-
mosomal genomes, breakpoint medians asymptotically lie at the corners: with
high probability, any median genome shares almost all of its adjacencies with
a single input genome. This rigorously establishes the Haghighi-Sankoff conjec-
ture in this setting and provides a unified explanation for earlier heuristic and
simulation-based observations.

This phenomenon is driven by the strong constraints inherent in the signed
multichromosomal model. Although breakpoint medians are well defined, the set
of feasible medians is highly restricted: balanced overlap profiles are ruled out,
and any approximate median is forced to draw almost all of its adjacencies from
a single input genome. As a consequence, strategies that attempt to combine
adjacencies evenly from multiple genomes necessarily increase the total distance.

The game-theoretic framework developed here makes this mechanism ex-
plicit, explaining why increasing compromise along the Pareto boundary leads
to increased total bp-distance to the input genomes and to the emergence of
anti-medians.

Disclosure of Interests. The authors have no competing interests to declare that
are relevant to the content of this article.
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Bp-distance of two random genomes

In this part, we will obtain a quantitative control on the approximation error for

the

distance of two independent random genomes (perfect matchings). Indeed,

it is not hard to show a stronger convergence. To see this, recall that the total
variation distance for two random variables Y and Z with a common state space
S is defined by

I1£(Y) = L(Z)|rv = sup IP(Y € 4) - P(Z € A)],

where L(Y) and £(Z) denote the distributions of random variables Y and Z,
respectively. When S C Z, the last formula reduces to

1£00) ~ £(Z)lry = 5 SO IP(Y = i)~ P(Z = ).

€S

We show that |Ag, ¢! | converges to Poisson(1/2) in total variation topology,

ie.,

as n — 0o,

I1£(1Ag,, g

) — L(Poisson(1/2))||rv — 0.

As we discussed earlier, this is equivalent to showing that, as n — oo,

IL£(]Ag,, 0,]) — L(Poisson(1/2))|lrv — 0. (5)
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For simplicity, let C,, := |Ag,, o, |- We proceed as follows. Let G,, be a random
perfect matching in G,,, and let

Sin = L i yiyeE(Gn)>

where 1 is the indicator function, i.e. &, = 1 if {—i,+i} € E(G,) and &, =0
otherwise. Each indicator &;,, records whether the i-th adjacency of the reference
genome is preserved in the random genome. We have

1 1 L,
Therefore,
1 2n — 2 2
Var(6im) = 573 <QZ - 1) o CovlnSin) = B T REn —3)

On the other hand,
i=1

Hence, as n — oo,

n 1
E n) = o
()= 5n=1 7 3

and (2n — 2) 2 1

n(2n —
B Pl A TS -
Var(Ca) = gy +200° 1) ((Qn— 1)2(2n — 3)) 3
In addition, for any n € N, the random variables &1, ..., &, are exchange-

able. That is, for any permutation o € S,,, where S, is the group of permutations
on {1,...,n}, and any (Jin,jon - - -, Jnn) € {0,1}", we have

IP(gln = Jiny -y nn = ]nn) = IP(ga(l)n = Jin,- - vga(n)n = ]nn)
Thus, by the Stein—-Chen method [14, 3], we have
I£(Cy) — L(Poisson(n/(2n — 1)))||rv <

1— e /(2n-1) n 2n

n/@n—1) (Var(C”) o1 - 3) oo O (©)

Hence (5) follows from (2) and triangle inequality for the total variation
distance. It is well-known that convergence in total variation implies convergence
in distribution

C,, = Poisson(1/2), n — occ. (7)

That is,
1/2)¢ —-1/2
P(C, = i) — % i€y
1.
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If we normalize C,, by a sequence of positive real numbers (a,),>1 such that
an, — 0, then from (5) or (7) we obtain

Cn — 0, in probability. (8)
2%

Recall that, for a sequence of random variables Z,,, n € N, we say Z,, con-
verges in probability to a random variable Z, denoted by Z, L 7, if for any
e >0, as n — o0,

P(|Z, — Z] >¢) — 0.

B Proofs

B.1 Proof of Proposition 1

Proof. We follow the proof from [7], for unsigned genomes. For G € M(A),

suppose Ac \UI_, Ag, # @. Let e € Ag \ U, Ag,. Since e ¢ Ag, for every i,
this edge contributes to none of the intersections Aq ¢, , hence

k
Z|AG7G7’,‘ <n-1.

i=1
Therefore

k k

k
> d(G,G)=> (n—|Acc ) =kn =) |Acal>kn—n=(k—1)n.

i=1 =1 i=1

On the other hand, for each ¢ = 1,2,...,k we have

> d(Gi,Gj) = (k= 1)n,

J#i
so G cannot minimize the total distance, a contradiction with the fact that
G € M(A). This implies Ag \ Ule Ag, = 0. Therefore Y, |Ag,q,| = n, and

from the above,
k

> d(G,Gi) = (k= 1)n = pu(A). [ |

i=1

B.2 Proof of Theorem 1

Proof. For a given set A of genomes, the best scenario for a median, i.e. the
smallest possible median value is attained, happens if not only is every adjacency
of every median G € M(A) an adjacency of a genome in A, but also

U Ac..6, € Ac.
J#i
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From definition, then Ag can be partitioned into {Bg,g, : 1 <i < j < k} U
{Bgg; : 1 € [k]}. Hence

k k
Zd(G,Gi) = Z n —|Bga,| — Z [11|Bi|
i=1 i=1 iel
112
k
=kn— Z|BGGi\ + Z |Br| | — Z (1] = 1)|Bi]
i=1 icl icl
[7]1>2 [7]>2

= (k — l)n — Un,k(Gh ey Gk)
Thus the right hand side of (1). For the left side of (1), note that for any G €
M(A),
k
MA)ZE:an%)g}jaeheﬂgngnEImfwAQgA%
j=1 J# J#i

therefore

(kil)niu(A) ZLn,k(Gla"'aGk)' L

B.3 Proof of Theorem 2

Proof. The first part follows (2), (3) and applying Theorem 1. Note that ((k —
1)n—p(An))nez, is bounded between two sequences converging to a and o+ f3,
respectively. Therefore we can see that ((k—1)n—pu(Ay))nez, is tight. Therefore,
from Helly’s selection theorem (Billingsley ...), every subsequence of that has a
further subsequence that converges in distribution. Hence, for any subsequence
limit X,,, namely X*, we will have

Plo>k) <P(X*>k) <Pla+8>k). |

B.4 Proof of Theorem 3

Proof. Let X,, := (k—1)n — u(Ay) > 0. By the previous theorem, the sequence
(Xn)n>1 is tight. Hence, for every € > 0, there exists M < oo such that

sup P(X,, > M) < e.

n>1

Let (an)n>1 be any diverging sequence of positive numbers with a,, — co. Fix
6 > 0. Choose N such that for all n > N we have da,, > M. Then, for n > N,

IP(Xn >5) =P(X,, > da,) <P(X, >M) <sup P(X,, > M) <e.

Qg m>1
Since € > 0 is arbitrary, it follows that

X
ni>0, n — o0. ||

Qn



22 PH da Silva et al.

B.5 Proof of Theorem 4
Proof. Fix n and write A, = {G\"™ .., g,g”)}. Let G € M(A,,) and set

k
t, = ‘AG \ U Agsm ’

i=1
For each adjacency (edge) e € Ag, define
cle):=|{ick]:e€ Agm H e {0,1,... Kk}

Then ¢(e) = 0 if and only if e ¢ Ule Agem . Moreover,
k
SIS SP R )
i=1 e€Ag e€AcnNUE_, A

Since c(e) > 1 on the intersection, we may write

> cle) = (n—tn) + > (c(e) — 1).

eeAcnUr_, A ecAcnUr_, A )

On the other hand,
k
(k - l)n - M(An) = Z |AG’g7(n)| -n,
i=1 )

since pu(A,) = Y5, d(G,G) = kn — Y, A, g
displays gives

(k—1Dn— pu(Ay,) = —t, + > (cle) — 1),

ecAg ﬂUle ‘Ag(")

. Combining the last two

and hence

t, = Z (ce) = 1) = ((k = 1)n — u(A,)) < Z (cle) —1).

EE.AcﬂUile Ag(n) EEUle Ag(n)

The right-hand side equals U, x( 5"), e ,QI?L)) by the definition of U, ; (equiv-
alently, by the decomposition into the B3 sets). Therefore,

0<ty <Uni(G™,....G").

Finally, by (3) we have U, , = Poisson(@)7 hence (Up k)n>1 is tight.

For any ¢ > 0 choose M such that sup,>; P(Unx > M) < e. Then, for any
6 > 0 and all n large enough that on > M,

tn n
IP(n > 6> gIP(Un’k >6) =PUpr >0on) <PU,r>M)<e.

Since ¢ is arbitrary, this implies ¢,,/n 5. |



Breakpoint medians and anti-medians for signed genomes 23

B.6 Proof of Theorem 5

Proof. Consider the n edges of G and order them in random éi,...,é&,. For
an edge e, let end(e) be the two vertices incident to it. For i = 1,...,n, let

£ = 1{end(8:)NR,=2} -

Then F,, = Y i, fi(n). We can compute the expected value and variance of F,.
Write

n

E(F,) = ) Plend(@) N Ry =2) = Y (2n — 22m)(2n —2m 1)

P n(2n — 1)
So
IE(F"> - (1—2)%

Also,

3 Var(€l /n) = S (B(6) - (B(E))%) = SEE)(1 — EE)

_(@2n-2m)@2n—-2m-1) /= (2n—2m)(2n —2m — 1)
T a@n(2n-1) (1 2n(2n — 1) ) =0

and
23" Cov(e™ /n, € n) = (”27; ")

(2n —2m)(2n — 2m — 1)(2n — 2m — 2)(2n — 2m — 3)  (2n — 2m)*(2n — 2m — 1)?
( (2n)(2n — 1)(2n — 2)(2n — 3) B 2n(2n — 1) )

(n—1)(2n — 2m)(2n — 2m — 1) o
n(2n)(2n — 1)

(2n —2)(2n —3) 2n(2n — 1)

<(2n—2m—2)(2n—2m—3) (2n—2m)(2n—2m—1))

where the right-hand side converges to 0, as n — oo. Thus, lim,,_, o, Var(F,,) = 0.
Since E(F,,) — (1 — x)? and Var(F,) — 0, as n — oo, from Chebyshev’s
inequality we conclude that F), converges to (1 —x)? in L2 |

Remark 4. One can obtain the asymptotics for the normalized number of edges
in G with both ends in R,, denoted by F, = F,(R,), or the normalized
number of edges in G™) with exactly one end in R,, and the other end in +[n]\R,,,
denoted by ﬁ,ﬁb = ﬁé(Rn) For F,, we apply Theorem 5 to the set +[n] \ R,
instead of R,,, and obtain

2

Fn L?
— =, n — oo.
n
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For 15,’1, we note that ﬁ,’l =n—F, — F,,, hence

ﬁ/
—"L—2>1—x2—(1—a:)2:2x(1—x).
n



