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Abstract. Likelihood-based inference under the multispecies coalescent
provides accurate estimates of species trees. However, maximum likeli-
hood and Bayesian inference are both computationally very demanding.
Pseudo-likelihood has been previously proposed as a computationally ef-
ficient alternative to full phylogenetic likelihood calculations in the con-
text of maximum likelihood estimation. However, theoretical and prac-
tical aspects of pseudo-likelihood in the context of Bayesian inference
have not been explored. In this work, we provide strong theoretical guar-
antees and an empirical evaluation of pseudo-likelihood-based Bayesian
inference of species trees under the multispecies coalescent. Our contri-
butions are threefold. First, we prove a bound on the convergence rate
for species tree topology inference and a Bernstein-von Mises result for
branch lengths under model misspecification. Second, we provide an em-
pirical comparison of full- and pseudo-likelihood-based Bayesian infer-
ence on synthetic data. Finally, we demonstrate the practical scalability
of pseudo-likelihood-based inference by analyzing two biological datasets.

Keywords: phylogenomics · Bayesian phylogenetic inference · pseudo-
likelihood · multispecies coalescent.

1 Introduction

Phylogenomic inference of the evolutionary history of a set of species from ge-
nomic data has become commonplace due to its ability to incorporate genome-
wide signals that help resolve evolutionary relationships that are not easy to
elucidate otherwise [5,7]. However, this inference is very challenging owing in
large part to phylogenetic discordance—the phenomenon where evolutionary his-
tories of different genomic regions disagree with each other as well as with the
evolutionary history of the populations from which the genomes are obtained. Bi-
ological processes that could cause this phenomenon include incomplete lineage
sorting (ILS), gene duplication and loss, and horizontal gene transfer [18,22].
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The multispecies coalescent (MSC) [28,6] has emerged as a powerful math-
ematical model for inference of species trees from multi-locus data while ac-
counting for ILS. Furthermore, significant progress has been made in developing
species tree inference methods under the MSC [19]. In practice, likelihood-based
approaches such as maximum likelihood [14,39,26] and Bayesian inference [3,24]
provide high accuracy. Furthermore, Bayesian inference allows for incorporat-
ing prior knowledge and quantifying uncertainty in the inference results—two
advantages over maximum likelihood method and the (much faster) summary
statistic methods [19].

While MSC-based likelihood calculations using bi-allelic marker data can be
done efficiently [3], that is not the case when the data consists of gene tree
estimates, which has limited the applicability of likelihood-based inferences to
datasets whose sizes do not exceed tens of species and hundreds of loci [25]. Thus,
significant efforts have been made to accelerate Bayesian inference methods by
introducing new sampling proposals [8,42] or restricting the space of explored
trees [35]. In all of these cases, the full likelihood calculations still remain a bottle-
neck, since every iteration of the Markov chain Monte Carlo (MCMC) sampling
algorithm requires evaluation of the full likelihood ratio for the proposal. To
address this challenge, pseudo-likelihood was introduced as a computationally
efficient alternative to full likelihood computation in the context of maximum
likelihood inference [17]. Furthermore, the authors proved that the maximum
pseudo-likelihood estimate is statistically consistent under the MSC [17] model.

Given the added advantages of Bayesian inference (which include incorpo-
rating prior information, estimating parameters beyond the tree topology, and
quantifying uncertainty), it is important to investigate the question of whether
the use of pseudo-likelihood instead of full likelihood in a Bayesian setting under
the MSC improves scalability while achieving theoretical guarantees on the pos-
terior distribution. To our knowledge, this question has not been explored and
this study aims to address it.

The contributions of this work are as follows. We first prove theoretical guar-
antees for frequentist species tree topology estimation under pseudo-likelihood,
which refines the known result of [17] with improved utility for practitioners.
Unlike the non-Bayesian focus on point estimation, Bayesian inference requires
characterizing the entire posterior distribution, which must account for the model
misspecification inherent in pseudo-likelihood methods. Here, we address this
challenge from a theoretical perspective to ensure broad applicability. In partic-
ular, we show that, under mild conditions, the pseudo-likelihood-based posterior
distribution of branch lengths converges to a normal distribution with particu-
lar mean and covariance parameters. This characterizes the behavior of pseudo-
likelihood-based posterior distributions and is achieved by proving a so-called
Bernstein-von Mises (BvM) result under model misspecification. Our BvM re-
sult yields insights into the coverage of credible intervals and the consistency of
the posterior distribution. In addition to our general theory, we provide empiri-
cal comparisons between full- and pseudo-likelihood-based Bayesian inference of
species trees. We compare the two approaches on simulated datasets in terms
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of the accuracy of topology estimation and agreement in the inferred posteri-
ors and species tree distributions. We also explore the computational speedup
offered by pseudo-likelihood based inference. Finally, we explore scalability of
pseudo-likelihood-based Bayesian analyses to biological data from spiders [7]
and turtles [5].

It is important to emphasize here that summary statistic methods, such
as ASTRAL [20], are much more scalable, yet provide less information, than
Bayesian or maximum likelihood methods. The goal of this work is not to pro-
vide a method that outperforms methods like ASTRAL in terms of scalability
of species tree topology inference. Our work, instead, is aimed at adding impor-
tant theoretical and empirical results to the literature on Bayesian inference of
species trees under the multispecies coalescent and providing practitioners with
a new tool for phylogenomic analyses.

2 Methods and Theoretical Results

2.1 Phylogenetic pseudo-likelihood function

For the remainder of the manuscript, we will use N to denote the number of
taxa and M to denote the number of gene trees. Let S be a rooted species tree
and let RTS =

{
RTS

j |j = 1, ...
(
N
3

)}
be the set of rooted triples in S (i.e., rooted

3-taxon subtrees of S; see Fig. 1). Given a rooted triple RTS
j , we associate with

it a corresponding internal branch length bj , and we will call the set of all such
internal branch lengths B =

{
bj |j = 1, ...

(
N
3

)}
(e.g., in Fig. 1, we have b1 = x,

b2 = x+ y, b3 = b4 = y).

Fig. 1. A 4-taxon species tree S (left) and corresponding set of rooted triples RTS

(right). Each rooted triple has an associated internal branch length bj .

If we consider an arbitrary rooted triple RTS
j = AB|C (i.e., A and B coalesce

first; see leftmost 3-taxon tree in Fig. 1), then under the coalescent process the
probability that ab|c occurs in a gene tree generated from S is 1−(2/3)e−bj , and
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the probabilities of ac|b and bc|a are both equal to (1/3)e−bj . Let xj1, xj2, and
xj3 denote the counts of triples ab|c, ac|b, and bc|a observed in the gene trees
(note that we have xj1 + xj2 + xj3 = M). Then it follows that the counts follow
a multinomial distribution

f(xj1, xj2, xj3|RTS
j ) =

M !

xj1!xj2!xj3!

×(1− (2/3)e−bj )xj1((1/3)e−bj )xj2((1/3)e−bj )xj3 .

Now, we can define the pseudo-likelihood of a species tree S given a collection
of gene trees G as

L(S|G) =

(N3 )∏
j=1

M !

xj1!xj2!xj3!
(1)

×
(N3 )∏
j=1

[
(1− (2/3)e−bj )xj1((1/3)e−bj )xj2((1/3)e−bj )xj3

]
. (2)

For example, consider the species tree S on four taxa and let G = {G1, G2, G3}
be three gene tree topologies arising from S (Fig. 2). Then the full log-likelihood

Fig. 2. A 4-taxon species tree S (left) and corresponding collection of gene tree topolo-
gies G = {G1, G2, G3} (right).

(ℓfull) for observing G given S with branch lengths x = 0.5 and y = 0.6 is

ℓfull = log

[
1

3
e−y − 1

6
e−(x+y) − 1

18
e−(3y+x)

]
+ log

[
1− 2

3
(e−x + e−y) +

1

3
e−(x+y) − 1

18
e−(3y+x)

]
+ log

[
1

3
e−x − 1

3
e−(x+y) +

1

18
e−(3y+x)

]
≈ −6.35172.
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In contrast, the log-pseudo-likelihood (ℓpseudo) in this case is equal to

ℓpseudo = log

[
3

(
1− 2

3
e−x

)2 (
1

3
e−x

)]
+ log

[
1− 2

3
e−(x+y)

]3
+ log

[
3

(
1− 2

3
e−y

)2 (
1

3
e−y

)]

+ log

[
3

(
1− 2

3
e−y

)2 (
1

3
e−y

)]
≈ −5.311.

2.2 Pseudo-likelihood-based Bayesian inference

For the Bayesian inference under pseudo-likelihood we employ a standard Metropolis-
Hastings algorithm where in the acceptance ratio calculation we substitute the
value of the likelihood ratio of the proposal and current state by the correspond-
ing pseudo-likelihood ratio. Note that since for a fixed collection of gene trees

the value of
∏(N3 )

j=1
M !

xj1!xj2!xj3!
in Eq. (1) is constant, it follows that the ratio can

be simplified to
L̃(Sprop|G)

L̃(St|G)

P (Sprop)

P (St)

Q(St|Sprop)

Q(Sprop|St)
, (3)

where

L̃(S|G) =

(N3 )∏
j=1

(1− (2/3)e−bj )xj1((1/3)e−bj )xj2((1/3)e−bj )xj3 ,

P (S) is the prior, and Q(S|St) is the proposal probability. For the numerical
stability of the calculation logarithms of all the ratios are used in the Phy-
loNet [33,37] implementation.

2.3 Theoretical results

Let the topology of a true species tree be S0 and the corresponding set of branch
lengths B0. We use Ŝ to denote the estimated species tree topology by maximiz-
ing the pseudo-likelihood function. For any set of branch lengths B, we denote
the minimum enclosed branch length as minB. Throughout this paper, the Eu-
clidean norm is denoted by ∥ · ∥. Due to space limitations, we give the proofs in
Appendix A.2.

We first refine the result of Liu et al. [17] by defining an explicit convergence
rate for the topology estimation in terms of N , M , and a branch length parameter
of the true species tree. This result holds in finite-sample settings, i.e., for any
finite number of taxa N and number of gene trees M .
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Theorem 1 (Convergence rate of topology estimation). The probability
that the tree topology Ŝ estimated from a set of gene trees G under the MSC,
matches the true species tree topology S0 is bounded by

P(Ŝ = S0) > 1− 25
(
N
3

)
36Mε2

, (4)

where 0 < ε < (1− e−minB0)/2.

Remark 1. Convergence rate of Ŝ has been studied in [17]. We obtain a refined
error bound by revising the proof in (4) and additionally specify the required
range of ε, as opposed to “a small positive real number” described in [17]. This
explicit range in (4) leads to practical guidance on its optimal value for accurate
topology estimation. For example, setting ε to its upper bound maximizes the
error bound for the probability of Ŝ matching the true topology S0. In particular,
if we let p denote a target probability of this event that could be specified by
users, then the minimum number of gene trees needed to achieve this probability

is given by M =
25(N3 )

36ε̄2(1−p) , where ε̄ = (1− e−minB0)/2. Also, for any N , letting
M → ∞ in (4) trivially leads to statistical consistency of Ŝ, i.e., P(Ŝ = S0)
converges to 1.

We demonstrate the application of the formula in Remark 1 through two
examples. First, we fix the number of taxa N and illustrate the relationship
between the probability of correct identification p and the necessary number of
gene trees M . We select four different numbers of taxa, N = 5, 10, 20, 50, and set
ε̄ = 0.3. The resulting curves of p against M for each N are depicted in Fig. 3.

achieve or surpass a certain probability threshold for accurately identifying the species tree
given the number of taxa. This finding is useful for precise species tree estimation, which
often relies on the number of gene trees available.

We demonstrate the application of this formula through two examples. First, we fix the number
of taxa N and illustrate the relationship between the probability of correct identification
p and the necessary number of gene trees n. We select four different numbers of taxa,
N = 5, 10, 20, 50, and set ✏̄ = 0.3. The resulting curves of p against n for each N are depicted
in Figure 1. We then fix the target probability p and visualize the relationship between
the number of taxa N and the number of gene trees n. We choose four different target
probabilities p = 0.5, 0.8, 0.9, 0.95, and fix the value of ✏̄ = 0.3. The curves of N against n
for each p are depicted in Figure 2.

N = 20 N = 50

N = 5 N = 10
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Figure 1: Probability of correct identification p against the number of gene trees n (⇥105)
for different numbers of taxa N .

4

M

Fig. 3. Probability of correct identification p against the number of gene trees M
(×105) for different numbers of taxa N and ε̄ = 0.3.

We then fix the target probability p and visualize the relationship between
the number of taxa N and the number of gene trees M . We choose four different
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target probabilities p = 0.5, 0.8, 0.9, 0.95, and fix the value of ε̄ = 0.3. The curves
of N against M for each p are depicted in Figure 4.

M

p = 0.9 p = 0.95
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0 5 10 15 0 10 20 30

0 1 2 3 0 2 4 6

0

10

20

30

40

50

0

10

20

30

40

50

n

N

Figure 2: The number of taxa N against the number of gene trees n (⇥105) for different
probabilities of correct identification p.

3 Bernstein-von Mises theorem for branch lengths
Utilizing classical likelihood methods for inferring species trees from gene tree collections,
it is found that the MLE for branch lengths (expressed in mutation units) and population
sizes may not always be achievable, even with known species tree topology. Conversely, by
employing the pseudo-likelihood model with a reparameterization such that branch lengths are
measured in coalescent units, the MLE for the branch lengths achieves statistical consistency,
provided the species tree topology is correctly estimated (Liu et al., 2010).

Within the Bayesian framework, branch lengths can be estimated by drawing samples from
the posterior distribution, which is constructed using the pseudo-likelihood and incorporating
a prior on branch lengths. The theoretical foundation for this approach is supported by a
Bernstein-von Mises theorem under model misspecification. This theorem asserts that, given
the pseudo-likelihood model that is indeed misspecified, and under lenient conditions on the
prior measure, the posterior distribution of branch lengths given the collection of gene trees
G, symbolized as ⇧n(B : B 2 · | G), converges to a Gaussian distribution in terms of total
variation distance.

We represent the actual data-generating probability measure by P0, and its associated density
relative to the Lebesgue measure by p0. The density according to the pseudo-likelihood is
expressed as pB. The true underlying branch lengths are denoted by B0.

Theorem 3. Suppose Ŝ = S⇤, B is supported on a compact space, and the prior measure
is absolutely continuous in a neighborhood of B0 with a continuous positive density at B0.

5

Fig. 4. The number of taxa N against the number of gene trees M (×105) for different
probabilities of correct identification p for ε̄ = 0.3.

The finite-sample result in Theorem 1 concerns point estimation. Bayesian
implementation based on the pseudo-likelihood would require the prior speci-
fication and posterior computation. Our next theorem studies the behavior of
the pseudo-likelihood-based posterior distribution of branch lengths. Since the
species tree topology can be estimated accurately with high probability, as es-
tablished in Theorem 1, and our numerical experiments in Section 3 confirm the
accuracy of this estimation using Bayesian methods, we fix the topology at S0.
This choice also simplifies interpretation, as branch lengths are closely linked
to the topology. Section 3 also presents empirical results that account for the
uncertainty in inferring S0.

Let ΠM (B|G) denote the posterior probability distribution of branch lengths
given a collection of gene trees G. Our next main result shows that it converges
to a normal distribution in total variation distance. Specifically, let P0 denote
the data generating measure, p0 denote its associated density relative to the
Lebesgue measure, and the density according to the pseudo-likelihood as pB.

Let B∗ = (B∗
j )
(N3 )
j=1 be the branch lengths that minimize the Kullback-Leibler

divergence DKL(pB ∥ p0), assumed to exist and be unique, which is a key quan-
tity to describe the behavior of ΠM (B|G) due to model misspecification. Let
π(B) denote the prior distribution assigned to B with respect to the Lebesgue
measure. We assume the following general conditions on the prior, covering a
broad class of priors:

(A) The prior density π(B) has compact support and is continuous and positive
in a neighborhood of B∗. Additionally, there exists a constant c such that
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∥H(B)∥2 ≤ ce∥B∥2

, where H(B) is the Hessian matrix of log π(B) (i.e.,
its second-order derivatives) and ∥H(B)∥2 is the 2-norm (spectral norm) of
H(B).

Remark 2. Assumption A is known as the “prior mass” condition in the statisti-
cal Bayesian literature, and is very mild. Note that the support of a distribution
refers to the set of all possible values where the probability density is non-zero.
Many prior distributions exist to ensure that the density functions are contin-
uous and positive at any point within its support, including B∗. The “compact
support” condition means that the support of the prior is finite; for each di-
mension of the prior, one can choose a large enough but still finite interval to
truncate a prior distribution supported on the real line. Additionally, Assump-
tion A imposes a limit on the log prior density’s second derivative, a restriction
easily met by many distributions that are not heavily tailed. In particular, these
assumptions hold for the exponential distribution used for branch lengths in
PhyloNet [37] for Bayesian inference of species trees.

Theorem 2 (Bernstein-von Mises under model misspecification for branch
length estimation). Suppose Assumption A holds. Then,

EP0
∥ ΠM (B|G)−N (B̂, (nI(B∗))−1) ∥TV → 0,

where
B̂ = (−(log(3(1− x1j/M)/2))

(N3 )
j=1 ,

I(B∗) = diag

(
2

3
Me−B∗

j /{1− 2

3
e−B∗

j }
)
,

and ∥ · ∥TV is the total variation distance used for comparing two probability
distributions.

A few remarks are in order.

Remark 3. Theorem 2 is referred to as a Bernstein-von Mises (BvM) result in
the theoretical Bayesian literature. When there is no model misspecification,
classical BvM asserts that, under certain conditions, the posterior distribution
of a parameter becomes approximately normal and centered at the maximum
likelihood estimator as the sample size grows; see, for example, Chapter 10.2
of [34]. However, pseudo-likelihood-based posterior distribution inherently mis-
specifies the model by replacing the full likelihood with the pseudo-likelihood. As
such, we utilize techniques established in [13] to prove the BvM theorem under
model misspecification.

Remark 4. The classical BvM phenomenon under the correct model reassures
that Bayesian credible intervals are also frequentist confidence intervals. How-
ever, this does not hold for the pseudo-likelihood-based posterior distribution
due to model misspecification. Let ℓ̇(B∗) denote the log-pseudo-likelihood func-
tion evaluated at B∗. Then the maximum likelihood estimator B̂M for the
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misspecified model has the property that the sequence
√
n(BM − B∗) con-

verges to a Gaussian distribution with mean zero and variance given by ΣB∗ =
I(B∗)P0(ℓ̇(B

∗)ℓ̇(B∗)T )−1I(B∗). Covariance matrix I(B∗) appearing in the Bernstein-
von Mises theorem is not equal to the asymptotic covariance matrix ΣB∗ , imply-
ing that Bayesian credible sets might not align with confidence sets at the nom-
inal level. Such deviation from classical BvM has been observed and discussed
in approximate Bayesian computation contexts, such as variational Bayes [36],
and semiparameteric settings with high-dimensional nuisance parameters [15].
Our numerical experiments in Section 3 also confirm this in finite samples.

An implication of Theorem 2 is that the posterior distribution is consistent
at B∗, instead of B0.

Corollary 1 (Consistency of posterior). Under the conditions of Theorem 2,
then for any ϵ > 0,

ΠM (∥B−B∗∥ > ϵ|G) → 0 (5)

in P0-probability.

3 Empirical Results

3.1 Simulation and evaluation setup

We simulated species trees using the SiPhyNetwork package [11] under the
birth-death model with birth-rate λ sampled uniformly in the [0.2, 0.5] inter-
val, death-rate µ sampled uniformly in the [0.1, λ] interval, and hybridization
rate set to 0. We simulated a total of 10 species trees for N equal to 5 and
10 taxa. For each species tree, gene trees were simulated using ms [9] via the
SimGTinNetwork command in PhyloNet [33,38]. For each species tree, we sim-
ulated M ∈ {100, 500, 1000, 2500, 5000, 10000} gene trees. For each gene tree,
gene DNA sequences of length 1,000 were simulated using Seq-Gen [27] under
the Jukes-Cantor model [10] and branch length scaling of 0.01.

We sampled species trees from the posterior distribution using PhyloNet
MCMC_GT command [37] with total chain length of 1,000,000 steps, burn-in length
of 100,000 steps, and sampling frequency of one sample per 1,000 steps. Sampling
from the posterior distribution under pseudo-likelihood is now implemented in
PhyloNet as part of the MCMC_GT command using an additional -pseudo flag.

For inference from sequence data, gene trees were first inferred for individual
genes using IQ-TREE [23] with ModelFinder Plus [12]. The average normalized
Robinson-Foulds [29] distance for inferred trees was 0.025 ± 0.077 for 5-species
trees and 0.044± 0.07 for 10-species trees. Then, species tree inference was per-
formed analogously to the simulated true gene trees scenario described above.

Given that the theoretical analysis indicates that the Bayesian credible sets
might not align with the confidence sets at the nominal levels, we assessed the
frequentist coverage of the 95% credible sets following the standard methodol-
ogy [4]. Hence, for each species tree S, we generated 100 independent draws of
M ∈ {100, 500, 1000, 2500, 5000, 10000} gene trees. Then, the pseudo-likelihood
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MCMC simulation was performed on each of the sets of gene trees yielding 900
samples Ŝi from the posterior distribution. Resulting samples were summarized
via the summarize_splits_on_tree function in dendropy (v5.0.1) [21]. For each
branch in S, we checked if the branch length θ fell within the 95% highest pos-
terior density (HPD) credibility interval of the sampled trees Ŝi. Finally, we
computed the coverage of the 95% credibility interval as the ratio of the branch
length values within the intervals to the total number of branch lengths.

In order to assess possible discrepancies between the posterior distributions
inferred by pseudo- and full-likelihood-based MCMC samplers, we conducted an
additional set of runs for N = 5 and the set of simulated gene trees of total length
10,100,000 steps with 100,000 steps used for burn-in. For each of the species tree
candidates sampled from the posterior, we recorded its posterior probability and
weighted Robinson-Foulds distance [30] to the ground-truth species tree.

3.2 Results

Species tree topology estimation First, we evaluated pseudo- and full-likelihood-
based inference on a set of simulated ground-truth gene trees. The percentage
of MCMC samples that had topology matching that of the ground-truth species
tree increased as more gene trees were considered (Fig. 5). The pseudo-likelihood-
based runs had slightly worse performance for 100 and 500 gene tree settings,
but matched the full likelihood results for 5,000 and more gene trees (Fig. 5).

Fig. 5. Percentage of the species trees in the pseudo- and full-likelihood-based posterior
distribution samples that have correct topology (y-axis) as a function of the number
of gene trees (x-axis) and number of species (N). The input data consists of the true
gene trees.

Next, we evaluated performance of both methods in the presence of potential
gene tree estimation errors. After simulating sequences for each gene, the gene
trees were inferred and the methods were evaluated with the inferred gene trees
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as the input. Similarly to the simulated gene trees scenario, as the number of
gene trees increased the percentage of sampled trees with correct topology also
increased (Fig. 6). Analogously, pseudo-likelihood-based inference had higher
variance in the percentage of trees with matching topology for 100 gene trees
input (Fig. 6). Both pseudo- and full-likelihood-based inference had a drop in
performance when run on inputs consisting of 100 gene trees.

Fig. 6. Percentage of the species trees in the pseudo- and full-likelihood-based posterior
distribution samples that have correct topology (y-axis) as a function of the number of
gene trees (x-axis) and number of species (N). The input data consists of the estimated
gene trees.

Branch length credible intervals Remark 4 implies that the frequentist coverage
of the Bayesian credible intervals for the branch length estimates can deviate
from its nominal value. We observe that in the empirical setting, the coverage
of the 95% Bayesian credibility sets is lower than 95% with median coverage
ranging from 0.762 to 0.818 for the 5-species case (Fig. 7, left) and from 0.654 to
0.668 for the 10-species case (Fig. 7, right). We also note that in the 10-species
case, there is a reduced variance in the coverage of the credibility intervals.

Posterior density estimation To further compare the behavior of pseudo- and
full-likelihood-based Bayesian analysis, we compared the distributions of the
log posteriors (Fig. 8). Since, the exact values of the log posteriors can differ
between the pseudo- and full-likelihood-based analyses by more than an order
of magnitude, we centered the distributions by subtracting their mean values.

We note that the centered distributions of log posteriors are similar for
pseudo- and full-likelihood-based runs, with the L1 norm of the histogram differ-
ences between the distributions ranging from 0.026 to 0.130 with median value
of 0.061. We also compared distributions of weighted Robinson-Foulds distances
for the inferred trees under pseudo- and full-likelihood-based inference (Supp.
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Fig. 7. Frequentist coverage of the 95% high posterior probability density intervals
for the branch lengths of the species tree. The red dotted line indicates the nominal
coverage. Box plots indicate coverage values across 10 replicate species trees. The input
data consists of the true gene trees.

Fig. 8. Distribution of centered log posterior probabilities for pseudo- and full-
likelihood-based MCMC runs. Each curve represents a single replicate species tree.
The input data consists of the true gene trees.

Fig. 13). Similarly to the distributions of the log posteriors these agree between
the pseudo- and full-likelihood-based analyses.

Furthermore, we note that the acceptance rates of the pseudo- and full-
likelihood-based MCMC runs are similar and confined to the [0.4, 0.6] interval
(Supp. Fig. 11, 12). As the number of gene trees increases, the acceptance rate
decreases (Supp. Fig. 11, 12), matching the observation that as the number
of gene trees increases the proportion of sampled topologies matching the true
topology rapidly approaches 1 (Fig. 5, 6).
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Computational performance We compared the CPU time required to complete
1,000,000 steps of the MCMC simulation under the pseudo- and full-likelihood
functions. For both simulated and inferred gene trees, pseudo-likelihood-based
MCMC outperforms full-likelihood-based computation by one to two orders of
magnitude (Fig. 9A, B; Supp. Fig. 14). In particular, on the datasets with 10-
species and > 1000 gene trees, pseudo-likelihood-based computation achieves
more than 100x speedup compared to the full-likelihood-based analysis.

Fig. 9. (A, B) CPU time required (in minutes) to complete 1,000,000 steps of the
MCMC simulation on ground-truth gene trees (T) and inferred gene trees (I). (C, D)
Peak RAM usage (in GB) during the MCMC simulation.

The peak RAM usage of both methods is similar with full-likelihood-based
analyses, requiring approximately 0.1 GB more RAM than pseudo-likelihood-
based ones (Fig. 9C, D). All comparisons shown have been performed by running
inference with a single thread on an Intel(R) Xeon(R) Gold 5220R CPU @
2.20GHz.

3.3 Biological data analysis

We analyzed two biological phylogenomic datasets in this study. The first dataset
comprised 233 alignments of ultra-conserved genetic elements (UCEs) from 32
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taxa from order Testudines and 6 outgroup species (H. sapiens, S. punctatus, A.
carolinensis, P. molurus, C. porosus, and G. gallus) [5]; we refer to this dataset
as the Turtles dataset. The second dataset comprised 581 alignments from 83
taxa in the genus Aphonopelma; we refer to this dataset as the Tarantulas
dataset.

For the Turtles dataset, all 900 sampled topologies were identical (Fig. 10)
and had Robinson-Foulds distance of two with respect to the topology inferred by
MrBayes [31] (from the concatenation of the 233 alignments) from the original
study [5]. The discrepancy is caused by the placement of the Sphenodon out-

Fig. 10. A cladogram of the maximum a posteriori (MAP) estimate of the species tree
for the Turtles dataset inferred from 233 UCE trees. Major clades in order Testudines
are highlighted with colors.

group. The branch length estimates obtained from our analyses deviated from
those inferred in the original study, with only 22 out of 72 branches that had
support in our sampled topologies having the branch length inferred in the origi-
nal study within the 95% Bayesian credible interval. It is important to note here
that the original analysis of the authors using MrBayes does not account for
ILS explicitly, as MrBayes does not employ the multispecies coalescent model,
whereas the analyses using our method do.

Analysis of this dataset has required a total of 70.83 CPU hours utilizing a
single thread on an AMD EPYC 7642 48-Core Processor @ 2.30 GHz.
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For the Tarantulas dataset (Supp. Fig. 15), of the 2,235 sampled topolo-
gies, 1,199 had Robinson-Foulds distance of 14 and 1,036 had Robinson-Foulds
distance of 16 to the ASTRAL tree inferred in the original study [7]. The topol-
ogy for the paraphyletic species group Aphonopelma iodius matches the one
previously reported [7]. Discrepancies between the inferred trees and the ones
reported in the original study arise due to the placement of the outgroup species,
resolution of polytomies present in the ASTRAL tree, and topologies for the indi-
vidual species (collapsed in Supp. Fig. 15). Of the 154 branches in the ASTRAL
inferred species tree that had support in the sampled topologies, 70 had their
branch length values estimated by ASTRAL within the 95% credible intervals.

4 Discussion

Our theoretical and empirical analyses demonstrate the pseudo-likelihood pro-
vides a viable alternative to full likelihood for Bayesian phylogenomic inference
tasks. It shows strong convergence guarantees with respect to the species tree
topology supported by empirical evaluation in both idealized scenario where
ground-truth gene trees are available and in a more realistic scenario where
gene trees are estimated from the sequence data, although the impact of gene
tree estimation error was only validated for low error rates (<5%). Additionally,
posterior distributions inferred based on pseudo-likelihood match those inferred
based on full likelihood after appropriate centering. Furthermore, our observa-
tions on the required compute time indicate that the use of pseudo-likelihood
can provide up to 100x speedup when compared with full-likelihood-based cal-
culations. This is noteworthy given that the scale of biological datasets [5,7] can
completely prohibit Bayesian analyses under full likelihood. Additionally, since
pseudo-likelihood-based inference speeds up individual proposal evaluations in
the MCMC sampling procedure, it can in theory be paired with an improved
proposal scheme [8,42] to provide additional improvements to the computational
cost.

However, as indicated by the theoretical analysis, branch length credible
intervals do not match confidence intervals at the nominal level. While in the-
ory the mismatch can result in both lower and higher empirical coverage, we
note that in our experiments the coverage was always lower than the nominal
value, that is, pseudo-likelihood-based Bayesian inference tends to be overconfi-
dent. Results on the biological data provide further evidence that the credible
intervals estimated from pseudo-likelihood-based MCMC can be overconfident.
These observations motivate a follow up investigation on whether there is a way
to bound or correct this discrepancy, in particular by adjusting or reweighting
MCMC samples or using coverage-oriented recalibration methods such as [16].

Finally, while species tree inference remains an important task, certain bio-
logical processes such as hybridization [1] and horizontal gene transfer can give
rise to evolutionary histories that require inference of phylogenetic networks.
The multispecies network coalescent (MSNC) has been previously proposed as
a framework for statistical inference of phylogenetic species networks [40,37].
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However, computing full likelihood under the MSNC model is significantly more
expensive when compared to species tree inference under the MSC model [43].
Thus, maximum pseudo-likelihood approaches have been proposed for the net-
work inference problem under the MSNC [41,32,44]. However, suitability of
pseudo-likelihood for Bayesian inference under the MSNC has not been investi-
gated. Therefore, given the potential impact on the inference speed and promis-
ing results for species tree inference, we aim to expand current work to the
network inference problem.

Code and data availability Implementation of pseudo-likelihood-based MCMC is
available in PhyloNet [33,38] (https://github.com/NakhlehLab/PhyloNet).
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A Supplementary materials

A.1 Supplementary figures

Fig. 11. Acceptance rate for the pseudo- and full-likelihood MCMC runs as a function
of the number of gene trees (x-axis) and number of species (N). The input data consists
of the true gene trees.

Fig. 12. Acceptance rate for the pseudo- and full likelihood MCMC runs as a function
of the number of gene trees (x-axis) and number of species (N). The input data consists
of the estimated gene trees.
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Fig. 13. Distribution of centered weighted Robinson-Foulds distances between inferred
and true species tree for pseudo- and full-likelihood MCMC runs. Each curve represents
a single replicate species tree. The input data consists of the true gene trees.

Fig. 14. Logarithm of CPU time required (in minutes) to complete 1,000,000 steps of
the MCMC simulation true gene trees (T), and inferred gene trees (I) as a function of
the number of gene trees (x-axis) and number of species (N).
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Fig. 15. A cladogram of the maximum a posteriori (MAP) estimate of the species tree
for the Tarantulas dataset inferred from 581 gene trees.
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A.2 Proofs of Theoretical Guarantees

Proof (Proof of Theorem 1). In this proof, we use n to denote the sample size, i.e.,
the number of gene trees M . Let B0,j denote the branch length corresponding to
the taxa triple j in the true species tree S0. We define a set of events as follows:

Aj1(ε) =

{∣∣∣∣xj1

n
−

(
1− 2

3
e−B0,j

) ∣∣∣∣ < ε

}
,

Aj2(ε) =

{∣∣∣∣xj2

n
− 1

3
e−B0,j

∣∣∣∣ < ε

}
,

Aj3(ε) =

{∣∣∣∣xj3

n
− 1

3
e−B0,j

∣∣∣∣ < ε

}
,

for j = 1, . . . ,
(
N
3

)
, and we use the notation Ac to denote the complement of

the set A. We can then establish a bound on the probability that the maximum
pseudo-likelihood correctly estimates the true topology:

P(Ŝ = S0) > P
(
xj1 = max{xj1, xj2, xj3}, j = 1, . . . ,

(
N

3

))
= P

(
xj1 > xj2, xj1 > xj3, j = 1, . . . ,

(
N

3

))
.

Under events Aj1(ε), Aj2(ε) and Aj3(ε), it follows that xj1 > xj2 and xj1 > xj3

if
1− 2

3
e−B0,j − ε >

1

3
e−B0,j + ε, j = 1, . . . ,

(
N

3

)
,

i.e., ε is any number satisfying 0 < ε < (1− e−min{B0,j})/2. Hence,

P(Ŝ = S0) > P
(
∩(

N
3 )

j=1Aj1(ε) ∩(
N
3 )

j=1 Aj2(ε) ∩(
N
3 )

j=1 Aj3(ε)
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c
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c
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c
j3(ε)
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(N3 )∑
j=1
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j1(ε))−

(N3 )∑
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P(Ac
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j3(ε)).

By Chebyshev’s inequality,

P(Ac
j1(ε)) ≤

Var(xj1/n)

ε2
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nε2
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nε2
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9nε2
.

Therefore,

P(Ŝ = S0) > 1− 25
(
N
3

)
36nε2

.
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Proof (Proof of Theorem 2). In this proof, we use n to denote the sample size,
i.e., the number of gene trees M . We proceed by verifying the conditions estab-
lished in the literature for Bernstein-von Mises theorems under model misspeci-
fication [13,2], as applied to phylogenetic pseudo-likelihood-based inference:

1. (Prior mass). This is given by Assumption A.
2. (Local asymptotic normality). For every compact set K ⊂ R(

N
3 ), there exist

random vectors ∆n,B∗ and nonsingular matrices VB∗ such that

sup
h∈K

∣∣∣∣ log pB∗+h/
√
n

pB∗
(G)− hTVB∗∆n,B∗ − 1

2
hTVB∗h

∣∣∣∣ → 0

in P0-probability.
3. (Consistent testability). For every ε > 0 there exists a sequence of tests {ϕn}

such that

P0ϕn → 0, sup
B:∥B−B∗∥≥ε

P0

(
pB
pB∗

(1− ϕn)

)
→ 0.

Condition 2 indicates that the frequentist model approaches a normal dis-
tribution model asymptotically upon rescaling. We next verify this condition.
We first show the consistency of the maximum likelihood estimator (MLE) of
the branch lengths under the pseudo-likelihood. Given that the true species tree
topology S0, the log-pseudo-likelihood is

ℓ(B) =

(N3 )∑
j=1

[
xj1 log

(
1− 2

3
e−Bj

)
+ xj2 log

(
1

3
e−Bj

)
+ xj3 log

(
1

3
e−Bj

)]

=

(N3 )∑
j=1

[
xj1 log

(
1− 2

3
e−Bj

)
− (n− xj1)Bj

]
+ constant,

where xj1 = max{xj1, xj2, xj3} and n = xj1 + xj2 + xj3. This leads to the MLE
for Bj being

B̂j = − log

(
3

2

(
1− xj1

n

))
.

Note that

EP0
(xj1) = n

(
1− 2

3
e−B0,j

)
,

where B0,j is the length of the internal branch of triple j in the true species tree.
It can be deduced from the strong law of large numbers that, as the number of
genes M approaches infinity, the MLE of the branch length converges almost
surely to the true value:

B̂j → B0,j , P0-a.s..
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The MLE for B based on the pseudo-likelihood is then B̂ = (B̂j)
(N3 )
j=1, which is

a consistent estimator for B0 P0-almost surely. Next we compute the expected
value of the score, denoted as ∆n,B:

∆n,B = EP0

[
∂

∂B
ℓ(B)

]
=EP0

[(
xj1

1− 2
3e

−Bj
− n

)(N3 )
j=1

]

=

(
n( 23e

−B0j − 2
3e

−Bj )

1− 2
3e

−Bj

)(N3 )
j=1

.

The Fisher information matrix I(B) is a diagonal matrix, where each diagonal
element is

I(B)j,j = −EP0

[
∂2

∂B2
j

ℓ(B)

]
=− EP0

[
− xj1

2
3e

−Bj

(1− 2
3e

−Bj )2

]
=
n(1− 2

3e
−B0j ) 23e

−Bj

(1− 2
3e

−Bj )2
.

Applying a second-order Taylor expansion to pB, we can validate Condition 2
with ∆n,B∗ = ∆n,B|B=B∗ and VB∗ = I(B∗).

Condition 3 posits the existence of consistent tests. It is required that there
exists a sequence of uniformly consistent (under P0) tests for testing H0 : B = B∗

against H1 : ∥B−B∗∥ ≥ ε for every ε > 0 based on the pseudo-likelihood model.
This condition is mild, and a sufficient condition is that B has compact support,
which is ensured by Assumption A.

Finally, by Theorem 2.1, Lemma 2.2 and Theorem 3.1 in [13], it holds that

EP0
∥Πn(B : B ∈ · | G)−N (B̂, (nI(B∗))−1)∥TV → 0. (6)

Proof (Proof of Corollary 1). The proof follows directly from the existence of
consistent testability demonstrated in the proof of Theorem 2, based on the
Schwartz consistency theorem under model misspecification (Corollary 4.2 in
[13]).
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