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Abstract. Species tree estimation from multi-copy gene family trees, including both paralogs and
orthologs, is a challenging task due to the gene tree discordance caused by biological processes such
as incomplete lineage sorting (ILS) and gene duplication and loss (GDL). Quartet-based species tree
estimation methods, such as ASTRAL, Quartet MaxCut (QMC), and Quartet Fiduccia–Mattheyses
(QFM) frameworks have gained substantial popularity for their accuracy and statistical guarantee.
However, most of these methods rely on single-copy gene trees and model only ILS, which limits their
applicability to large genomic datasets. ASTRAL-Pro incorporates both orthology and paralogy for
species tree inference under GDL by employing a refined quartet similarity measure based on the
concept of species-driven quartets (SQs). In this study, we show that these SQ-based techniques can be
effectively leveraged within the QFM framework. This required substantial algorithmic re-engineering,
including the development of efficient techniques for computing the initial bipartition in QFM and
novel combinatorial methods for computing refined quartet scores directly from gene family trees. We
extensively evaluated our method, wQFM-GDL, on simulated and real biological datasets and compared
it with leading methods ASTRAL-Pro3 and SpeciesRax. wQFM-GDL outperforms all other methods
in 113 out of 124 model conditions considered in this study, with performance differences becoming
more pronounced as dataset size increases. In particular, for larger datasets with 200 and 500 taxa,
wQFM-GDL significantly outperforms all leading methods in all 72 out of 72 model conditions and
achieves, on average, nearly a 25% reduction in reconstruction error compared with ASTRAL-Pro3.
wQFM-GDL is freely available in open source form at https://github.com/abdur-rafi/wQFM-GDL.

Keywords: Species tree inference · Gene tree discordance · Gene duplication and loss · Orthologs and
Paralogs

1 Introduction

Species tree inference from genes sampled throughout the whole genome is complicated by the fact that
gene trees can differ from each other (and from the true species tree) due to several biological processes,
including gene duplication and loss (GDL), horizontal gene transfer, incomplete lineage sorting (ILS), and
hybridization [20]. In particular, gene duplication and loss is one of the most important processes shaping
gene family evolution and often results in multi-copy gene trees [28].

Summary methods, which find a species tree by combining a set of gene trees, are becoming increasingly
popular due to their accuracy and statistical guarantee under particular reasons for gene tree discordance
[1,7,13–18,21,24,27]. A large family of summary methods considers GDL as a source of gene tree discordance.
Most of these methods are gene tree parsimony methods that seek a species tree by minimizing the total
number of duplications and losses required to explain the observed gene trees. DupTree [37], iGTP [6], and
their recent improvement DupLoss-2 [29], DynaDup [2–4], and earlier similar dynamic programming based
methods [10] are some of the well-known parsimony-based methods. However, there are other methods, such
as PHYLDOG [5] and Guenomu [8], that are more agnostic about the reasons for gene tree discordance and
do not necessarily rely on maximum parsimony reconciliation.

Quartet-based summary methods have been among the most widely used approaches for species tree in-
ference over the last decade. These methods address the Maximum Quartet Support Species Tree (MQSST)
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problem, which seeks to infer a species tree that maximizes the number of quartets induced by the gene
trees that are consistent with the species tree. Within this framework, methods can be broadly catego-
rized based on how they solve the MQSST problem. ASTRAL, the most widely used summary method,
employs a dynamic programming strategy to optimize quartet support [24]. In contrast, quartet amalgama-
tion approaches, such as QMC (Quartet MaxCut) [1, 35] and QFM (Quartet Fiduccia–Mattheyses) [22, 34],
adopt divide-and-conquer strategies to assemble quartets (with or without weights) induced by gene trees.
While these approaches offer conceptual simplicity and flexibility–since they can operate directly on quar-
tets, as in [7], without requiring explicit gene tree estimation–their reliance on explicit quartet enumeration
poses significant computational challenges for large datasets. Recent methods, notably TREE-QMC [11] and
wQFM-TREE [32], address this limitation by eliminating the need for explicit quartet enumeration, thereby
substantially improving scalability without sacrificing accuracy. These methods were originally designed to
handle gene tree heterogeneity due to ILS and are therefore applicable to single-copy gene trees.

ASTRAL-Pro [42] extends the ASTRAL framework to model GDL and remains the only quartet-based
species tree inference method that explicitly accounts for duplication and loss. It introduces a new quartet
similarity measure that accounts for both orthology and paralogy [42]. However, despite their effectiveness,
no existing quartet amalgamation–based summary methods, such as wQFM and wQMC, explicitly model
GDL.

In this study, we introduce wQFM-GDL, an extension of the QFM framework that explicitly accounts
for GDL and is the first initiative to model GDL in a quartet amalgamation method. The proposed method
includes two variants, wQFM-GDL-Q and wQFM-GDL-T, which operate on quartets and gene trees, re-
spectively. In particular, we make the following key contributions. We extend the wQFM-TREE framework
so it can account for speciation-driven quartets (SQs) by developing efficient graph-theoretic and combina-
torial techniques to compute them directly from gene family trees without quartet enumeration – leading
to wQFM-GDL-T. We also propose wQFM-GDL-Q where we enumerate the SQs from a given set of gene
family trees and apply wQFM on this set of SQs. Notably, this set of SQs can be directly given as input
to any quartet amalgamation methods (e.g., wQFM, wQMC). We found that, on small to moderate-sized
datasets, where quartet enumeration is feasible, wQFM-GDL-Q is often more accurate than wQFM-GDL-T.
Importantly, we also leveraged a locus-aware normalization scheme for improved accuracy.

Our extensive experimental analysis on established benchmark datasets shows that wQFM-GDL achieves
the highest accuracy among the evaluated methods. Overall, across a wide range of model conditions with
varying levels of duplication and loss, ILS, and gene tree estimation error, wQFM-GDL obtained the best
performance in 113 out of 124 model conditions considered in this study. wQFM-GDL performs especially
well on large datasets such as comprising 200 and 500 taxa, where wQFM-GDL significantly outperformed
all other methods across all 72 model conditions with an average 25% reduction in tree error relative to
ASTRAL-Pro - making it particularly suitable for large-scale phylogenomics datasets. We also reanalyzed
the Plants83 [38] dataset, and the results provide evidence of wQFM-GDL’s robustness and accuracy.

2 Materials and Methods

We first provide a brief overview of wQFM, wQFM-TREE, and the duplication-aware quartet similarity
measure used in ASTRAL-Pro. Then, we describe the key algorithmic components introduced in wQFM-
GDL in detail.

2.1 Overview of wQFM and wQFM-TREE

wQFM [22] is a quartet amalgamation method that takes as input a set of weighted quartets induced by a
given set of gene trees and infers a species tree by maximizing quartet consistency. The algorithm follows
a divide-and-conquer strategy (Figure 1A): at each divide step, the current taxa set is partitioned into two
disjoint subsets, defining two subproblems. For each divide step, wQFM starts from an initial bipartition on
the current taxa set and iteratively refines it using a heuristic inspired by the Fiduccia–Mattheyses (FM)
algorithm for hypergraph bipartitioning [9], with the objective of maximizing the difference between the
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number of satisfied and violated quartets. The procedure is applied recursively to the resulting subproblems
until each subproblem contains at most three taxa, for which the solution is trivial. At each divide step,
a dummy (artificial) taxon is introduced into each partition to represent the taxa in the complementary
partition. During the conquer phase, the solutions to the subproblems (subproblem trees) are merged by
connecting them through their corresponding dummy taxa, ultimately producing our final species tree.

Central to wQFM’s divide-and-conquer process is the identification of a suitable bipartition of the taxa
set at each divide step. Each candidate bipartition is scored with respect to the input quartet set. A quartet
q = ((A,B), (C,D)) is satisfied with respect to a bipartition (Pa, Pb) if taxa A and B lie in one partition
and taxa C and D lie in the other, and is violated if taxa A and C (or A and D) lie in one partition while
taxa B and D (or B and C) lie in the other. Otherwise, the quartet is deferred. The score of a bipartition is
defined as the difference between the number of satisfied and violated quartets.

The main computational bottleneck of wQFM is the explicit enumeration of all quartets induced by the
input gene trees. In earlier work, we developed wQFM-TREE [32] to address this limitation by enabling the
wQFM framework to operate directly on gene trees without explicit quartet enumeration. This was achieved
through novel algorithmic techniques that combine a gene tree consensus–based heuristic for constructing
initial bipartitions at each divide step with combinatorial and graph-theoretic methods for computing the
scores of candidate bipartitions directly from gene trees. We now revisit the normalization schemes used in
TREE-QMC [11] and later adopted by wQFM-TREE, as they play an important role in the accuracy of the
methods and are essential for understanding the new locus-aware normalization approach we propose in this
study.
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Fig. 1: Overview of our proposed method. (A) The divide-and-conquer framework used in all QFM
methods. (B) An MRE consensus tree is constructed from the multicopy gene trees after decomposing them
into single-copy gene trees using DISCO, which will be used to create an initial bipartition. (C) After
generating the initial bipartition, it is iteratively improved using the FM heuristic, where the bipartitions
are evaluated using the refined quartet measure addressing GDL.

Normalization scheme Normalization is a critical component in the QMC and QFM frameworks because
the divide-and-conquer process introduces artificial or dummy taxa into subproblems, which enables the
subproblem trees to be merged in the conquer phase. Consequently, every non-root subproblem in the
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recursion contains one or more dummy taxa, whereas the input gene trees and the quartets induced contain
only real taxa.

To compute satisfied and violated quartets with respect to a subproblem that contains dummy taxa,
the leaves of each gene tree are relabeled appropriately by dummy taxa. A dummy taxon represents all real
taxa in its sister subproblem, and the corresponding leaves are relabeled using that dummy taxon. Thus, the
resulting gene trees only contain the taxa present in the subproblem, including both real and dummy taxa.
An important consideration is that, in this relabeled representation, multiple leaves of a gene tree may be
relabeled by the same dummy taxon, which can inflate the contribution of quartets involving dummy taxa.
However, from the perspective of the current subproblem, a dummy taxon should have the same influence
as any single real taxon. To address this, quartet weights are normalized so that every subset of four taxa in
a subproblem, including those containing dummy taxa, contributes a single vote toward the tally of satisfied
or violated quartets.

Normalization was used in wQFM prior to TREE-QMC and wQFM-TREE, but it was fairly simple
because the full quartet set is available as input. Recently, TREE-QMC [11] introduced an effective normal-
ization strategy that directly works on gene trees, and wQFM-TREE adopts a similar approach. Under this
strategy, each taxon in a gene tree is assigned a weight, and the weight of a quartet is defined as the product
of the weights of its four taxa. Consequently, the total contribution of any quartet to the bipartition score
reflects the effective representation of its constituent taxa in the current subproblem. The taxa that are ab-
sent from a subproblem but are represented through a dummy taxon receive appropriately reduced weights.
This ensures that every subset of four taxa in a subproblem, including those containing dummy taxa, gets
one vote per gene tree. The taxa are weighted non-uniformly depending on the subproblem decomposition in
the recursion tree, and taxa that are more relevant to a particular subproblem are assigned higher weights.
wQFM-GDL extends and improves the normalization scheme of wQFM-TREE to account for GDL (details
in Section 2.3).

2.2 Overview of ASTRAL-Pro: Solving Maximum per-Locus Quartet-score Species Tree
(MLQST)

To account for orthology and paralogy, ASTRAL-Pro refines the quartet similarity measure of the original
ASTRAL in mainly two ways.

– Firstly, it only considers “speciation-driven quartets” (SQs) and excludes duplication quartets (DQs),
which contain no information regarding speciation events.

– Secondly, it aggregates the speciation quartets that mandatorily share the same topology and separately
do not provide any new information. These are counted as one unit, forming a quartet equivalence class.

A quartet in a multicopy gene tree is classified as a speciation quartet (SQ) if, for every subset of three
leaves, the corresponding most recent common ancestor (MRCA) is an internal node representing a speciation
event. The subtree of a binary tree restricted to a quartet exhibits two degree-3 nodes referred to as anchors.
The MRCA/LCA of the two anchors of a quartet is called the anchor LCA. All the SQs on the same four
species that share the same anchor LCA must also share the same topology [42]. They are counted as one unit
to prevent double-counting. Importantly, to classify quartets as SQs or DQs, the input trees must be rooted
and tagged. ASTRAL-Pro defines the per-locus quartet score of a species tree with respect to a gene family
tree with tagged internal nodes to be the number of quartet equivalence classes of the gene trees agreeing
with the species tree. Thus, it tries to solve the Maximum per-Locus Quartet-score Species Tree (MLQST)
problem by reconstructing the tree having the maximum total per-locus quartet score with respect to the
multicopy gene trees.

2.3 wQFM-GDL-T: Extending wQFM-TREE for GDL

wQFM-GDL-T extends wQFM-TREE to accommodate GDL by solving the MLQST problem as in ASTRAL-
Pro through three principal enhancements. First, we extend the consensus-tree-based heuristic to construct
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an appropriate initial bipartition of wQFM-TREE for multicopy gene trees. Second, we develop combinatorial
techniques that enable efficient scoring of candidate bipartitions directly from multicopy gene trees without
explicit quartet enumeration. Third, we enhance the normalization strategy of wQFM-TREE by proposing
a locus-aware normalization scheme that explicitly accounts for GDL.

Initial bipartition At each divide step, we initiate the FM heuristic by generating an initial bipartition of
the taxa set of the subproblem, which would then be refined iteratively, and the quality of this initial biparti-
tion has a substantial impact on the quality of the final bipartition. In wQFM-TREE, an initial bipartition is
obtained using a consensus-tree–based heuristic, in which an edge of a consensus tree constructed from gene
trees is selected for initial bipartition. wQFM-TREE scores each bipartition according to its scoring scheme
and selects the bipartition with the highest score. [32]. However, for multicopy gene trees, a consensus tree is
not directly defined. To address this limitation, we employ the method DISCO [40] to decompose multicopy
gene trees into single-copy gene trees. We then construct a greedy consensus tree using the Majority Rule
Extended (MRE) method implemented in the PAUP package [36], which supports incomplete gene trees as
well. Then, we score each bipartition of the consensus tree using the updated scoring method addressing
GDL as described later in this section, and select the best one. The consensus tree is constructed once and
used for all subproblems.

Scoring a Candidate Bipartition After constructing the initial bipartition, we iteratively improve it.
The taxa are transferred from one partition to the other iteratively, following the FM heuristic to obtain
progressively improved bipartitions. Each bipartition is scored to assess its quality. As described earlier, the
score has been defined in the QFM framework as the difference between the number of quartets from the
gene trees that the bipartition satisfies and violates.

The scoring mechanism in wQFM-GDL differs substantially from wQFM-TREE, as it must account for
the complexities introduced by GDL. In the original wQFM-TREE, all quartets from single-copy gene trees
are considered when computing the score. In contrast, for multicopy gene family trees, following the GDL
model of ASTRAL-Pro, we restrict the calculation of satisfied and violated quartets only to speciation-
driven quartets (SQs) and treat each quartet equivalence class as a single unit to avoid double-counting. To
integrate these duplication-aware measures while preserving the scalability of the original wQFM-TREE, we
had to introduce substantial modifications to the underlying combinatorial and graph-theoretic techniques of
wQFM-TREE to enable the exclusion of all the duplication-driven quartets and the aggregation of equivalent
quartets within the scoring framework. The extended terminology and the updated scoring procedure are
described below.

Let G be a set of rooted and tagged (each node labelled as either speciation or duplication) gene trees on
the taxa set X . We root and tag using the algorithm of ASTRAL-Pro. Let (A,B) be a candidate bipartition
of the taxa set S in a divide step. We define RA and DA as the sets of real and dummy taxa in A, respectively.
We define FA as the set of all real taxa that are either in RA or represented by a dummy taxon X ∈ DA.
We similarly define RB , DB , and FB . Now, a quartet ab|cd in a rooted and tagged gene tree is an SQ only
if the MRCAs for all triplets in {a, b, c, d} are speciation nodes in its respective gene tree. We categorize the
SQs using the same traditional approach as in the QFM framework.

1. Satisfied SQ: SQ in which either {a, b} ⊆ FA, {c, d} ⊆ FB or vice versa.
2. Violated SQ: SQ in which either {a, c} ⊆ FA, {b, d} ⊆ FB or {a, d} ⊆ FB , {b, c} ⊆ FA or vice versa.
3. Deferred SQ: Any other SQ.

Now, our algorithm assigns weight to each real taxon in X according to the normalization process. We
consider a quartet as composed of two unordered pairs {a, b} and {c, d}. The weight of a pair, w({a, b}) =
w(a)·w(b) and weight of a quartet ab|cd is defined as w(ab|cd) = w({a, b})·w({c, d}) = w(a)·w(b)·w(c)·w(d).
The weight of a set Q of quartets, w(Q) =

∑
q∈Q w(q).

Let S
(g)
SQ and V

(g)
SQ denote the sets of satisfied and violated SQs, respectively, each containing only one

representative from every equivalence class in a gene tree g ∈ G. The score of a candidate bipartition (A,B)
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with respect to G is defined as: Score(A,B,G) =
∑

g∈G
(
w(S

(g)
SQ)−w(V

(g)
SQ )

)
. In this current setting, the total

weight of potential satisfied and violated quartets are dependent on the specific speciation and duplication
event tagging within each gene family tree which necessitates the use of more complex combinatorial and
graph-theoretic techniques to calculate w(S

(g)
SQ) and w(V

(g)
SQ ) directly from the gene family trees. We provide

a high-level overview of the process below.
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Fig. 2: Scoring a candidate bipartition. (A) Placement of a balanced and unbalanced quartet in a gene
tree with respect to their anchor LCA. (B) SQs of different categories, illustrated using anchor LCAs u and
v for an example bipartition a, b, c, g|d, e, f, h. Each speciation node may act as an anchor LCA for some
SQs, and for scoring a bipartition, we compute the total weight of satisfied and violated SQs associated with
each anchor LCA independently, treating balanced and unbalanced quartets separately, and then sum the
results.

Computing w(S
(g)
SQ) for Multi-copy Trees Our key observation is that the total weight of all satisfied SQs

sharing the same anchor LCA ( Least Common. Ancestor (LCA) of the two anchors of a quartet) can be
computed efficiently and independently, and then aggregated for all anchor LCAs. Each internal node in the
gene tree can serve as a potential anchor LCA for a set of SQs if and only if it is labeled as a speciation
node, and the corresponding SQs associated with it can be computed as follows.

Rooted quartets exhibit two distinct forms: balanced and unbalanced, as shown in Figure 2a. Our ob-
servation is that, for each particular anchor LCA, we can efficiently calculate the balanced and unbalanced
satisfied SQs separately. Let u be an internal node tagged as speciation with child branches i and j. We
define PA

(g,u)
i and PB

(g,u)
i as the weights of the unordered pairs of taxa in partitions A and B, respectively,

within branch i. PA
(g,u)
j and PB

(g,u)
j are defined similarly. Importantly, multiple identical pairs may arise

within the branches, but we count only one representative instance. This is crucial to ensure that only a
single quartet from each equivalence class contributes to the score, as identical quartets formed from these
identical pairs share the same anchor LCA and can be considered equivalent. Their topology is already de-
termined by the speciation event at the anchor LCA. These quartets arise due to paralogy along branches i
and j and do not provide additional speciation information. This represents an important distinction from
the calculation procedure used in the original wQFM-TREE.
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Balanced Structure. A rooted quartet is balanced if the root splits the taxa into two groups of two. A
balanced SQ with anchor LCA u will be anchored by two internal nodes in branch i and j, each subtending
exactly two leaves (Figure 2a). The SQ is satisfied if the pairs of leaves from two branches belong to opposite
partitions (A and B). Let S

(g,u)
1,SQ denote the weight of balanced satisfied SQs with anchor LCA u. Thus, we

compute

w(S
(g,u)
1,SQ) = w(PA

(g,u)
i ) · w(PB

(g,u)
j ) + w(PA

(g,u)
j ) · w(PB

(g,u)
i )

Unbalanced Structure. A rooted quartet is unbalanced if the root separates one taxon from the other three,
creating a ladder-like (pectinate) structure. For an unbalanced SQ with anchor LCA u, one anchor lies in a
child branch, while the second anchor is the node u itself. In this case, a pair of taxa from one child branch
(e.g., branch i) is grouped with a taxon from a sibling branch j and a fourth taxon from the parent lineage k.
Importantly, this fourth taxon cannot just be any arbitrary taxon from the parent branch. It must originate
from one of the branches associated with speciation nodes along the path from u to the root. Otherwise, the
defining condition of a speciation quartet, that the LCA of any selection of three leaves must be a speciation
node, would be violated. Now, we define PA

(g,u)
i,k as the weight of taxon pairs split between branch i and

parent lineage k. PB
(g,u)
i,k is defined similarly. Thus, the weight of unbalanced satisfied SQs with anchor LCA

u,

w(S
(g,u)
2,SQ) = w(PA

(g,u)
i ) · w(PB

(g,u)
j,k ) + w(PA

(g,u)
j ) · w(PB

(g,u)
i,k )

+ w(PB
(g,u)
i ) · w(PA

(g,u)
j,k ) + w(PB

(g,u)
j ) · w(PA

(g,u)
i,k )

Finally, w(S
(g,u)
SQ ) = w(S

(g,u)
1,SQ) + w(S

(g,u)
2,SQ). Now, we can simply aggregate the results for each anchor

LCA. w(S(g)
SQ) =

∑
u∈SpeciationNodes w(S

(g,u)
SQ ). An example for this process is shown in Figure 2.

Here, we observe that duplication-derived quartets in the gene trees are effectively excluded, as the LCA
of at least one triplet among the four taxa of these quartets corresponds to a duplication node and therefore
does not satisfy any of the criteria mentioned for getting considered in both balanced and unbalanced quartet
calculations.

Computing w(V
(g)
SQ ) for Multi-copy Trees The calculation of w(V (g)

SQ ) follows a similar approach. We compute
the total weight of violated quartets independently for each anchor LCA, treating balanced and unbalanced
structures separately, and then sum the results.

Let us consider the same scenario with anchor LCA u. For the balanced violated quartets, each branch
will contain a pair, one from partition A and the other from B. Thus, the weight of violated quartets is as
follows. w(V (g,u)

1,SQ ) = w(PA
(g,u)
i,j )·w(PB

(g,u)
i,j ). For the unbalanced ones, w(V (g)

2,SQ) = w(PA
(g,u)
i,k )·w(PB

(g,u)
i,j )+

w(PA
(g,u)
i,j ) ·w(PB

(g,u)
i,k )+w(PA

(g,u)
j,k ) ·w(PB

(g,u)
j,i )+w(PA

(g,u)
j,i ) ·w(PB

(g,u)
j,k ). Then we can add the quantities

as before.
The terms w(PA

(g,u)
i ), w(PB

(g,u)
i ), w(PA

(g,u)
i,j ) are calculated efficiently and without actually enumerating

the quartet sets using further combinatorial techniques and efficient graph traversal algorithms.

Locus-aware normalization scheme The prior normalization scheme used in wQFM-TREE could also
be applied directly to wQFM-GDL. However, we identified an opportunity to improve normalization by
introducing different normalization factors for distinct locus-specific regions in multicopy gene trees. Here,
the concept of the locus tree plays a crucial role. Rasmussen and Kellis proposed the DLCoal model [33] for
jointly modelling GDL and ILS, which introduces a third tree called the locus tree, alongside the gene tree
and the species tree. The locus tree is derived from the species tree via a top-down duplication–loss process,
with each internal node labeled as either a speciation or a duplication event. A duplication event creates a
new daughter locus from the parent locus. Both the parent and daughter loci evolve independently thereafter
and can undergo further duplications or losses in subsequent evolutionary steps. Finally, a gene family tree
is constructed from the locus tree by applying a multi-locus coalescent process.
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Unlike the case with single-copy gene trees, a particular set of four species (e.g., a, b, c, d) can appear
multiple times within different locus-specific subtrees of a particular gene tree. Now, note that the set of
taxa in the various locus-specific subtrees may not be identical because each locus undergoes a distinct
evolutionary history, marked by different duplication and loss events. Importantly, the normalization factors
used in our method depend on the taxa set. The normalization scheme used in QMC and QFM families of
methods does not consider this, and thus any quartet on a, b, c, d in a gene tree is assigned the same weight.
However, our observation is that the quartets on a particular set of four species across different locus-specific
subtrees should be assigned different weights, as the taxa set of different locus-specific subtrees may vary.
Recently, it has been shown that normalization of TREE-QMC can be affected in case of missing taxa in
incomplete gene trees and thus needs correction [12]. However, in the case of gene family trees, identifying
the taxa set associated with a particular locus within a multicopy gene tree is not straightforward. Our key
step is that all quartets within an equivalence class descend from the same ancestral locus at the time of the
speciation event corresponding to the anchor LCA, and the normalization factors for quartets associated with
each anchor LCA are computed separately. This locus-aware normalization scheme provides a substantial
accuracy improvement for wQFM-GDL while incurring only a minimal runtime overhead.

2.4 wQFM-GDL-Q: Extending wQFM for GDL

wQFM takes as input a set of weighted quartets where the weight is the frequency of the quartet in the
input gene trees. We devise an algorithm to create an appropriate weighted quartet set that only contains
SQs and only one representative from an equivalent class. Then, this quartet set is given input to the wQFM
algorithm, which remains unchanged. We call this method wQFM-GDL-Q. For generating this quartet set,
we adopt a similar algorithmic approach to the score calculation process in wQFM-GDL-T; however, in
this case, we explicitly enumerate quartets with appropriate weights, rather than computing the sum of
quartet weights. As expected, wQFM-GDL-Q is considerably slower than wQFM-GDL-T. However, its main
advantage is that under smaller model conditions, where explicit quartet enumeration is feasible, we observe
that it outperforms competing methods, including wQFM-GDL-T, in several settings. This may be because
the heuristics used in wQFM-GDL-T, which allow it to operate directly on gene trees, can sometimes influence
its accuracy. Further details of wQFM-GDL-Q are provided in Appendix A.

2.5 Complexity Analysis

The total time complexity for wQFM-GDL-T is O(n2k + αn2Dd), where n is the number of taxa, k is the
number of gene trees, D is the number of unique speciation-driven tripartitions, d is the number of dummy
taxa, and α is the number of refinement iterations (consistently observed to be ≤ 5 in our studies). It has
successfully analyzed 500 taxa datasets with a high duplication rate (more than 2,000 leaves) within 20 hours
and 16GB of memory. The running time and memory consumption statistics for the methods used in this
study are reported in Appendix C.

3 Experimental results and discussions

We test the performance of wQFM-GDL-T and wQFM-GDL-Q on existing and our new simulated datasets
and biological datasets against the leading methods: ASTRAL-Pro3 [41], and SpeciesRax [26].

3.1 Datasets

Simulated Datasets We primarily use S25 from the ASTRAL-Pro study [42], which contains 25 species
under diverse duplication, loss, and ILS conditions, and S100, simulated by Molloy and Warnow [25] based
on a real fungal dataset. We note that the number of model conditions for large datasets was limited in the
ASTRAL-Pro study. Therefore, to extensively evaluate the performance under GDL on large datasets, we
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Fig. 3: Species tree error on the S25 dataset using 1,000 estimated gene trees from 100 and 500bp alignments.
We show the average RF rates with standard error bars over 50 replicates. (a) Controlling duplication rate
(box columns, labelled by mean number of copies per species minus one) and loss rate (labelled by ratio of
loss and duplication rate). (b) Controlling the duplication rate and ILS level (RF rate between true gene
trees and species tree).

generated two new large-scale simulated datasets comprising 200 and 500 taxa, which we call SIM200 and
SIM500, respectively.

For both SIM200 and SIM500, species trees and gene family trees were simulated using SimPhy [23] under
varying duplication rates, loss rates, and ILS levels. Sequence alignments were generated using AliSim [19],
and maximum likelihood gene trees were estimated with FastTree [31] under the GTR+Gamma model.
Duplication rates and haploid effective population sizes were determined empirically. Detailed parameter
settings and the full simulation pipeline are described in Appendix B. The datasets are publicly available at
https://zenodo.org/records/18605522.

Biological datasets We analyzed an important empirical dataset containing multicopy gene trees, Plants83
[38], which were inferred in the original study by Wicket et. al., [38].

3.2 Results on simulated datasets

Results for S25 dataset In S25, both versions of wQFM-GDL and ASTRAL-Pro3 substantially outperform
SpeciesRax across nearly all model conditions (Figure 3). While wQFM-GDL and ASTRAL-Pro3 perform
similarly, wQFM-GDL-Q demonstrates better performance. It outperforms ASTRAL-Pro3 in 35 out of 52
model conditions, with statistically significant differences in 7 of these cases, and ties occurring in 8 conditions.

Results for SIM200 and SIM500 datasets Figure 4 presents the performance of the methods on the
SIM200 and SIM500 datasets. wQFM-GDL-Q could not be executed on these datasets due to its compu-
tationally intensive quartet generation. We could not finish running SpeciesRax on a single replicate with
500 or 1000 genes for some model conditions, even after running for more than two days. Therefore, within
our resource limits (64 GB of CPU RAM and 48 hours of computation per replicate), we could only ana-
lyze SpeciesRax on 250-gene model conditions of SIM200. Quite remarkably, wQFM-GDL-T convincingly
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Fig. 4: Species tree error on the SIM200 (a-b) and SIM500 (c-d) dataset using estimated gene trees from 100
bp alignments. (a,c) Controlling duplication and loss rate. (b,d) Controlling the duplication rate and ILS
level. SpeciesRax only completed the 250-gene model conditions of SIM200 within our resource limits.

outperformed all the methods in all 72 out of 72 model conditions, differences being statistically significant
(p < 0.05). wQFM-GDL-T delivers almost 19% and 23% reduction in error compared to ASTRAL-Pro3 in
SIM200 and SIM500, respectively. As expected, the performance of all methods decreases with fewer gene
trees and higher levels of ILS. Interestingly, both wQFM-GDL and ASTRAL-Pro3 show improved accu-
racy with higher duplication rates, consistent with observations reported in the ASTRAL-Pro3 study. Thus,
wQFM-GDL exhibits a more pronounced performance advantage in SIM200 and SIM500, i.e., under larger
model conditions, compared to S25. The effectiveness of the inherent FM search strategy becomes more
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pronounced in larger search spaces, as observed in prior works [32], and this trend appears to carry over to
the present setting. While it leads to higher accuracy, it may be slower than some alternative strategies.

3.3 Results on biological data

We analyze 9,237 multicopy gene trees of the Plants83 Dataset. The tree estimated by wQFM-GDL (Figure
5) successfully recovers all major relationships and does not violate any known consensus among scien-
tists. Following the most prominent recent methods, wQFM-GDL reconfirms the monophyly of Bryophytes
(mosses, liverworts, and hornworts). Lycophytes are correctly recovered as the sister group of ferns and seed
plants, and Gymnosperms are correctly recovered as the sister to flowering plants. It places Zygnematales
(not Chara) as sister to all land plants and Amborella as sister to the rest of angiosperms. All of these
relationships are well established.

However, there are three quite contentious areas. Alternative branching orders and quartet supports for
those relationships are shown in Figure 5. Firstly, wQFM-GDL, ASTRAL-Pro3, and SpeciesRax all support
the Gnepine hypothesis for Gymnosperms (1.0 localPP), placing Gnetales and Pinaceae as sisters. However,
in the 1kp plant analysis [39], ASTRAL with single-copy nuclear gene trees and plastome-based supermatrix
analysis strongly suggested otherwise. Secondly, for the relative position of Coleochaetales and Chara, wQFM-
GDL places Chara as the closest relative of Zygnematophyceae and Embryophyta (land plants), whereas
ASTRAL-Pro3 and SpeciesRax place Coleochaetales algae. Both of the cases have almost exactly the same
quartet support (36%). Finally, in the ASTRAL-Pro3 tree, Rosmarinus and Ipomoea are placed in the same
clade. In contrast, wQFM-GDL recovers Ipomoea as sister to Catharanthus and Allamanda.
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Fig. 5: The species tree inferred using wQFM-GDL for the Plants83 dataset and alternative branching orders
for contentious relationships.
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4 Conclusion

In this study, we proposed wQFM-GDL, a scalable and accurate quartet-based summary method, which
accounts for both ILS and GDL. We have leveraged the concept of SQs within the QFM framework us-
ing appropriate algorithmic re-engineering and used a locus-aware normalization for improved accuracy. It
demonstrates excellent performance and outperforms leading methods across most model conditions, par-
ticularly on large datasets. wQFM-GDL is capable of analyzing multicopy datasets containing thousands of
taxa and gene trees with high duplication and loss rate within hours. Overall, these results position wQFM-
GDL as a competitive and practical alternative to existing species tree inference methods for genome-scale
data in the presence of GDL.

There are several possible future directions of this study. Currently, wQFM-GDL uses the tagging and
rooting heuristic introduced by ASTRAL-Pro. Complex evolutionary scenarios involving ILS and GDL may
cause this heuristic to produce suboptimal rooting and tagging, potentially reducing the accuracy of wQFM-
GDL. A better tagging and rooting heuristic might enhance the performance of our framework. Furthermore,
the divide-and-conquer structure of QFM naturally supports parallel execution, and a multi-processor-based
implementation could significantly improve the scalability of QFM-based methods, including wQFM-GDL.
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A wQFM-GDL-Q: Details and Additional Results

Following an approach similar to the score calculation process of a candidate bipartition in wQFM-GDL-T,
for each speciation node in the tagged and rooted gene trees, we independently generate the speciation-
driven quartets with anchor LCA at that particular node and add them to the set. Similar to wQFM, the
weight of a quartet is defined as its frequency across the gene trees. However, because the gene trees here
are multicopy, multiple instances of the same quartet may occur within a single gene tree, and consequently,
the total frequency (weight) of a quartet can be substantially larger than the number of gene trees, unlike
in wQFM.

Now, we consider enumerating all SQs with a particular anchor LCA u with child branches i and j. For
balanced quartets, we enumerate all possible taxon pairs formed within each child branch. Of course, we keep
only one copy of a taxa pair as they form equivalent quartets, and we must consider one representative from
them. Then, any pair from branch i can create a valid quartet with any pair from branch j. We generate all
possible quartets by joining the pairs.

For the unbalanced quartets, one pair of taxa will be present in one of the child branches i or j. We
generate all possible pairs for both child branches. For the second pair, one taxon will be present in the
other child branch and one taxon in the parent branch. As discussed, not all taxa in the parent branch
are considered here (Figure 2 in the main paper). We list all taxa present in the child branches and the
parent branch and merge them to create all valid second pairs. The pairs are then merged appropriately to
enumerate quartets.

An important point to note is that, although the high-level idea resembles the score calculation procedure
of wQFM-GDL-T, there is no notion of satisfied or violated quartets here because there is no bipartition to
consider at this stage. Instead, our objective is to generate all speciation-driven quartets (SQs) from the gene
trees so that wQFM can operate on them. Since this step focuses on explicit quartet enumeration rather than
efficiently computing scores directly from the gene trees, the procedure is more straightforward compared to
wQFM-GDL-T.

B Simulation details and parameters

We simulated two large datasets, SIM200 and SIM500, containing model conditions of 200 and 500 taxa,
respectively. In this section, we describe the simulation procedure in detail, including the commands used
and the parameter settings. For both datasets, we varied three duplication rates. For each duplication rate,
we considered two loss rates, two levels of ILS, and different numbers of gene trees (250, 500, and 1000). This
resulted in a total of 36 model conditions per dataset, with 20 replicates per model condition for SIM200
and 10 replicates for SIM500. Simulation settings are summarized in Table 1.

B.1 True gene family tree simulation

We used Simphy [23], which is a widely used program for simulation of gene family evolution under incomplete
lineage sorting (ILS), gene duplication and loss (GDL), and horizontal gene transfer (HGT). The simulation
parameters used in Simphy are presented in detail in Table 2.

For both SIM200 and SIM500, we varied the duplication rate to create model conditions with mean
numbers of extra gene copies per species of 0.25, 1, and 3. That means, due to duplication and loss, the
average numbers of gene copies per species are 1.25, 2, and 4, respectively. In SIM500, the model condition
with an average of 3 extra copies per species contains gene trees with significant duplication, having more
than 2,000 leaves on average. To determine the appropriate duplication rates in Simphy for generating these
conditions, we systematically varied the duplication rate and, for each value, generated 1000 replicates for
datasets with 200 taxa (SIM200) and 500 taxa (SIM500), using a loss rate of zero. As expected, the mean
number of copies increased with higher duplication rates. We then identified the precise duplication rate
that produced the desired mean copy number (0.25, 1, or 3) using a binary-search style procedure over the
duplication parameter space. The loss rate is varied for each duplication rate simply as the ratio of 0.1 to 1
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Table 1: Simulation settings for SIM200 and SIM500 with varying parameters. For each of the duplication
rates, we vary the loss rate, ILS level, and number of gene trees.

Condition Parameter Ranges
No. of taxa 200,500

Varying no. of gene trees 250, 500, and 1000

Varying duplication 0.25, 1, and 3 (Mean number of extra copies per species)
rate Corresponding duplication rates for S200: {0.8, 2.0, 4.1}×10−10 events/-

generation
Corresponding duplication rates for S500: {0.8, 2.1, 4.3}×10−10 events/-
generation

Varying loss rate 0.1 and 1 (fraction of duplication rates)

Varying ILS 25% and 70% (mean RF distance between true gene trees and the
species tree )
Corresponding haploid effective population size for S200:
{0.5, 1.3, 2.9} × 108

Corresponding haploid effective population size for S500:
{0.5, 1.25, 2.7} × 108

Sequence length 100bp

of the duplication rate. In the case of a 0.1 ratio, there is a small number of loss events, and the number of
copies is high. In a ratio of 1, there is a significant number of loss events, and the mean number of copies is
closer to the number of taxa, even with high duplication rates.

Similarly, for each duplication rate, we simulated two conditions varying ILS: 25% and 70% ILS, meaning
the average RF rates of true gene trees and species tree are 25% and 70%, respectively. As the amount of
ILS increases, the RF rate goes higher. We estimated the proper haploid effective population sizes for these
two conditions in a procedure similar to the estimation of duplication rates.

Simphy command for SIM200 with standard parameters:

simphy -sl f:200 -rs 20 -rl f:1000 -rg 1 -sb f:0.000000005 -sd f:0 -st ln
:21.25 ,0.2 -so f:1 -si f:1 -sp f:435000000 -su ln: 21.9 ,0.1 -hh f:1 -hs ln
:1.5 ,1 -hl ln: 1.551533 , 0.6931472 -hg ln:1.5,1 -cs 9644 -v 3 -o default -ot 0
-op 1 -lb f:0.00000000041 -ld f:0.00000000041 -lt f:0

B.2 Simulating MSA

We use Alisim [19] to generate sequence alignments from the simulated true trees. The parameters are
presented in Table 3.

Table 3: Simulation Parameters for AliSim

Parameter name Parameter value
Sequence length 100
Sequence base frequencies Dirichlet(A=36, C=26, G=28, T=32)
Sequence transition rates Dirichlet(TC=16, TA=3, TG=5, CA=5, CG=6,

AG=15)
Seed 9644
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Table 2: Simphy simulation Parameters for SIM200 and SIM500 dataset

Parameter name Parameter value
Standard Parameters for SIM200/500

No. of taxa 200/500 + outgroup
Speciation rate 5e-9
Extinction rate 0
Locus trees 1000
Gene trees 1
No. of replicates 20/10
Ingroup divergence to the ingroup ratio 1.0
Generations LogN(21.25, 0.2)
Haploid effective population size 2.9e+8/2.7e+8
Global substitution rate LogN(-21.9, 0.1)
Lineage specific rate gamma shape LogN(1.5, 1)
Gene family specific rate gamma shape LogN(1.551533, 0.6931472)
Gene tree branch specific rate gamma
shape

LogN(1.5, 1)

Duplication rate 4.1e-10/4.35e-10
Loss rate to duplication rate ratio 1
Seed 9644

Varying Duplication and Loss Rates - SIM200
Duplication rate 0.8e-10, 2e-10, 4.1e-10
Loss rate to duplication rate ratio 0.1, 1

Varying Duplication and Loss Rates - SIM500
Duplication rate 0.8e-10, 2.1e-10, 4.35e-10
Loss rate to duplication rate ratio 0.1, 1

Controlling Duplication and ILS Rate - SIM200
Duplication rate 0.8e-10, 2e-10, 4.1e-10
Haploid effective population size 0.5e+8, 2.9e+8

Controlling Duplication and ILS Rate - SIM500
Duplication rate 0.8e-10, 2e-10, 4.1e-10
Haploid effective population size 0.5e+8, 2.7e+8
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AliSim is implemented in IQ-TREE version 2.4.0 or later. We use IQ-TREE to generate the sequence
alignments.

IQ-TREE command for SIM200 with standard parameters:

iqtree3 --alisim SimPhy_1 .0.2/ bin/default /1/ MSA1 -t tree_file -m "GTR
{1/3/0.6/1.2/3.2}+F{0.2950819672/0.2131147541/0.2295081967/0.2622950820}" --
seqtype DNA --length 100 --seed 9644

B.3 Simulating estimated gene trees from MSA

We use FastTree [30] to estimate maximum-likelihood gene trees from the sequence alignment under the
general time-reversible model of nucleotide substitution with four discrete gamma rates (GTR+G4). We
used the simple command:

FastTree -gtr -gamma -nt alignment_file > tree_file

C Running time and memory consumption

Table 4: Running time (in minutes) of ASTRAL-Pro3, SpeciesRax, and wQFM-GDL-T under a few model
conditions with low, moderate, and high duplication and loss across different numbers of gene trees (Species-
Rax could not complete all model conditions within our computational budget). All methods were executed
on 5 replicates for each model condition to measure running time, and the results were averaged.

Model condition Method Number of gene trees

250 500 1000

sim200_dup1_loss1 ASTRAL-Pro3 2.86 ± 0.36 6.8 ± 0.73 9.73 ± 0.49
SpeciesRax 279.27 ± 22.10 – –
wQFM-GDL-T 4.58 ± 0.75 11.92 ± 1.17 23.27 ± 1.98

sim200_dup0_ILS25 ASTRAL-Pro3 2.73 ± 0.25 6.4 ± 0.43 11.00 ± 0.82
SpeciesRax 163.59 ± 15.69 – –
wQFM-GDL-T 0.85 ± 0.23 2.36 ± 0.33 4.39 ± 0.53

sim200_dup3_loss0.1 ASTRAL-Pro3 4.30 ± 0.76 11 ± 1.55 26.40 ± 3.31
SpeciesRax 329.18 ± 20.58 – –
wQFM-GDL-T 13.15 ± 1.69 34.24 ± 2.84 68.44 ± 4.15

sim500_dup1_loss1 ASTRAL-Pro3 14.76 ± 1.53 31.87 ± 2.84 55.73 ± 4.97
SpeciesRax – – –
wQFM-GDL-T 118.04 ± 16.29 277.73 ± 25.43 568.88 ± 45.12

sim500_dup0_ILS25 ASTRAL-Pro3 11.87 ± 0.55 31.13 ± 1.04 55.87 ± 1.73
SpeciesRax – – –
wQFM-GDL-T 3.94 ± 1.25 12.98 ± 1.72 24.75 ± 3.51

sim500_dup3_loss0.1 ASTRAL-Pro3 33.95 ± 10.72 89 ± 22.48 234.25 ± 63.97
SpeciesRax – – –
wQFM-GDL-T 264.17 ± 26.20 599.06 ± 43.28 1301.28 ± 80.55
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The running times of all methods on the large datasets are reported in Table 4. All experiments were
conducted on a single-core AMD Ryzen 9 7950X processor with 64 GB of RAM. In our machine, ASTRAL-
Pro3 seems to be the fastest method on most model conditions, while SpeciesRax is the slowest. However, both
ASTRAL-Pro3 and SpeciesRax can achieve good parallel efficiency and may run faster in environments that
better support full parallel processing, which was not available in our setup. The running time of wQFM-GDL
is comparable to ASTRAL-Pro3, though it is typically slower. However, it successfully analyzed 500-taxon
model conditions with a high duplication rate (more than 2,000 leaves per gene family tree) in 20 hours,
showing its high scalability. The QFM framework is inherently parallelizable, and future upgrades can further
improve its runtime performance.

wQFM-GDL successfully analyzed the large 200-taxon and 500-taxon datasets using no more than 8
GB and 16 GB of memory, respectively. In contrast, ASTRAL-Pro3 is more memory-efficient, requiring
approximately 2 GB and 800 MB of memory to analyze both of these datasets.
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