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Abstract. Given a tree topology and an assignment of character states
to its leaves, the Small Parsimony Problem (SPP) consists in assigning
character states to the internal nodes in a way maximizing a certain par-
simony or probabilistic criterion. In the genome rearrangement field, tree
leaves are permutations of gene sets, and the problem is to infer permu-
tations at internal nodes minimizing a rearrangement distance. Almost
all genome rearrangement models lead to intractable problems for the
SPP. Considering only the numerical profiles on a phylogeny, the Count
package (Cstirds, 2010) can be used to predict the size of gene families on
internal nodes under a parsimony or probabilistic model. Here, we present
a tractable version of the SPP: given a tree topology leaf-labeled by un-
ordered gene sets, infer gene sets at internal nodes in a way minimizing
the number of gain and loss episodes on the edges of the tree, while having
a single gain point for each gene (i.e. under Dollo’s law). We show that
the entire solution space is covered by testing four possible cases on each
internal node’s content, leading to a linear-time dynamic programming
algorithm for obtaining an optimal solution. We apply our InOutParsi-
mony software to clusters of orthologous mitochondrial protein-coding
genes (MitoCOGs) in both the mitochondrial and nuclear genomes of 11
land plant species. The results are discussed considering the Endosymbi-
otic Gene Transfer events shaping the mitochondria and nucleus contents
and compared with Count’s returned numerical profiles.

Keywords: Genome evolution - Gain and loss - Gene clusters - Synteny -
Small parsimony - Dollo parsimony - Dynamic programming

Introduction

Understanding how a gene family, a set of genomic regions, or a set of related
genomes have evolved from a common ancestor is an important step towards
elucidating a large number of biological questions. If a rooted phylogenetic tree
is already available for the considered biological units represented at the leaves
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of the tree, the problem reduces to the Small Parsimony Problem (SPP) which
consists in inferring the content of ancestral nodes in a way maximizing a certain
parsimony (or minimizing a certain cost) or probabilistic criterion.

Inferring ancestral gene sequences by minimizing the alignment score on a
tree leaf-labeled by the sequences of extant genes is a well-known SPP handled
by the Fitch [14] and Sankoff |21] algorithms. On a genomic level, an algorithm
implemented in the software package Count [8] has been developed to predict
the size of whole gene families on internal nodes of a phylogenetic tree, under the
Dollo parsimony [I0], Wagner parsimony [7], or under a probabilistic model [9].
On the other hand, in the genome rearrangement field, biological units are per-
mutations of gene sets. In this case, minimization can be done on the number of
order disruptions (number of breakpoints), on rearrangement events remodeling
the gene order (inversions, transpositions, translocations, etc), or on mathemati-
cal abstractions such as Double Cut-and-Join (DCJ) or Single-Cut-or-Join (SCJ)
operations. Except for the latter case [I3/19], almost all genome rearrangement
models lead to intractable problems [BI12], even when restricted to the median
problem [6JI8I20/22]. The problem becomes even harder in the presence of gene
duplicates [114].

Finally, if the biological units are homologous genomic regions containing
genes, also called syntenies, evolving through content-modifying operations (such
as gains, losses, duplications, transfers, etc), the problem is to infer a history
minimizing such operations. In a previous set of papers [2[TTT5], we presented
a generalization of the gene/species reconciliation [I6] and developed Synesth
taking as input a species tree and a synteny tree (tree topology leaf-labeled
by unordered gene sets representing homologous genomic regions), and giving as
output one or many possible histories (gene sets and events at the internal nodes
of the tree) minimizing a certain function (minimum cost, Pareto-optimal vectors
of event counts, etc). However, to simplify the problem, gains were excluded from
the optimization function. More precisely, contrary to losses, taking advantage of
simultaneous gains of multiple genes to reduce the overall number of individual
gain events was disregarded.

In this paper, we present a new and tractable version of the SPP restricting
the evolutionary model to gains and losses of groups of genes. More precisely,
the problem is to infer gene sets at internal nodes of a synteny tree in a way
minimizing the number of gain and loss episodes on the edges of the tree, further
considering an extension of Dollo’s law, i.e. requesting to have a single gain point
for each gene. This is the first attempt to address the above mentioned short-
coming of Synesth by accounting for the gain of multiple genes as a single event.
We show that the entire solution space is covered by testing four cases on each
possible internal node’s content, leading to a linear-time dynamic programming
algorithm for obtaining an optimal solution.

After setting our notations in the next section, the model is formally defined
in Section [2] and the algorithm is described in Section [3] We then, in Section
apply the implemented software InOutParsimony to a dataset of mitochondrial-
encoded protein families (called MitoCOGs) taken from [I7], in order to study
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the exchange of those genes between the mitochondrial and nuclear eukaryotic
genomes. For this purpose, we selected 11 land plant species containing a di-
versified MitoCOG’s content in both their nuclear and mitochondrial genomes.
The results are discussed in light of the Endosymbiotic Gene Transfer events
shaping those genomes and numerical profiles of ancestral genomes are com-
pared with those obtained using Count with both parsimony and probabilistic
models. These results illustrate the potential of our method to account for the
simultaneous loss of entire biological complexes, but also reflect its limitations
related to overly restrictive cost models. We conclude by suggesting avenues for
future extensiond!]

1 Notations

All trees considered in this paper are rooted. Given a tree T', we denote by r(7T')
its root, by V(T) its node set and by L(T) C V(T) its leafset. A node v’ is an
ancestor of v if v' is on the (inclusive) path between v and the root, and we
then call v a descendant of v'. The ancestor—-descendant relation is denoted <
and forms a partial order on nodes, in which the root is minimal and the leaves
are maximal. The node v' = p(v) immediately preceding v # r(T) on this path
is the parent of v, and then v is a child of v'. The set of children of a node v is
denoted by ch(v); if |ch(v)| = 1, then v is said to be unary; if |ch(v)| = 2, then it
is said to be binary and, unless specified otherwise, we denote its children by vy
and v, in an arbitrary order. A tree is binary if all its internal (non-leaf) nodes
are binary.

For any node v of T, we denote by T, the subtree of T rooted at v, i.e.
obtained from 7" by removing all the nodes which are not descendant of v. We
denote by E(T) the edge set of T', where each edge is represented by a pair of
nodes (p(v),v).

The lowest common ancestor (lca) of a subset L' of L(T), denoted lcar(L’),
is the ancestor common to all nodes in L’ most distant from the root.

A synteny is a genomic region containing a set of genes from a set of gene
families F, where the genes of a given synteny all belong to different gene families
(i.e. repeated gene copies inside a synteny are ignored). Therefore, from now on,
a gene is simply identified by the family g € F it belongs to. We call a synteny
tree on F a tuple T = (T, &) where T is a binary tree and & : L(T) — P(F)—{0}
(P(F) is the powerset of F) is the function mapping each leaf v € L(T) (element
of X) to its synteny content. We will say that v is labeled by Z(v).

Finally, the restriction of any function f to a subset A of its domain is denoted
by fla.

! For the sake of clarity, the proofs are given in Appendix. The proof of Theorem [4] is
omitted for space constraints. It will be included in a future journal version.
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2 The Small Gain-Loss Parsimony Problem

We consider a tree-like evolutionary model involving gain and loss episodes,
starting with a unary root with an empty gene set, and giving rise to a set F
of gene families and to an extant set of syntenies on F. Those syntenies may
represent genomic regions as well as entire genomes, identified by their gene
content (with no duplicates, i.e. with at most one copy per gene family).

Except for the root, all other internal nodes of a history are binary. Binary
nodes may correspond to speciations, as well as duplications or transfers in the
case of genomic regions. However, as the only events considered in our optimiza-
tion function are gains and losses, we ignore the nature of those binary nodes.

Since we do not consider the order of genes inside the syntenies, the relative
order of gain and loss events on a given edge of a history is irrelevant. Moreover,
as we will aim to minimize the overall number of events, any sequence of consec-
utive gains or losses can be collapsed into a single event. Therefore at most one
gain and/or one loss may occur on an edge, thus instead of representing gains
and losses as unary nodes, we rather represent them as edge labels.

In the following, for a binary tree T, we will denote by 7" the tree obtained
from T by rerooting it to a new unary root, i.e. by adding a new unary node
u with a new edge (u,r(7")). This is required in order to account for an initial
gain event on an initial edge connecting a hypothetical ancestor with an empty
content to the root of the input tree with a non-empty content.

Definition 1 (Explanatory history). Let T = (T,Z) be a synteny tree on
F. A history H explaining T is a tuple (T, €, x), where each node v € V(T') is
labeled with a synteny content x(v) € P(F), and each edge e € E(T) is labeled
with an event subset e(e) C {Gain, Loss} satisfying

1. For each | € L(T), x(1) = (1)

2. For each edge (v,v.) € E(T):

(a) Loss € e((v,ve)) iff z(v) € z(v.)
(b) Gain € e((v,v.)) iff x(ve) € x(v)

3. For each gene family g € F, there is a unique node v € V(T) — {r(T)} such
that g € x(v) — z(p(v)). We say that v is the gain point for g and denote it
as Gaing/(g).

4. z(x(T)) = 0 and for all v e V(T) — {x(T)}, z(v) # 0.

The set of all histories explaining a synteny tree T is denoted by H(T).

Given a history H and a node v € V(T'), we call subhistory of H rooted at v
the history H, = (Ty, €|g(r,), Z|v(1,)), and hanging subhistory of H rooted at v
the same subhistory but also including the edge of H from p(v) to v (or, said
differently, the subhistory of H rooted at p(v) but only keeping the subhistory of
its child v).

Finally, for a given history H explaining 7, let cgain(H) (respec. cioss(#)) be
the number of gains (respec. losses) of H, and let dgain > 0 (respec. Jioss > 0)
be the gain (respec. loss) cost. Then the cost of H is ¢(H, dgain, Sloss) = Ogain -
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b be bee ac abd bdf bdfg b be bee ac abd bdf bdfg

Fig.1. Two different histories explaining the same synteny tree (T,Z) on F =
{a,b,c,d,e, f,g}. In other words, T is simply the underlying binary tree (the same
on the left and on the right), and % is the synteny labeling of its leaves. In both histo-
ries, gains are represented by dots and losses by crosses. The gray characters represent
the set of gained or lost characters. Although written as sequences, the syntenies are
unordered sets of genes. In the left figure, the set of characters in curly brackets at a
node v represents Zica(v) (see Definition . In both trees, each node v is labeled by
z(v) for the considered history. Three pairwise disjoint covering subsets of z(v) are
introduced in Definition [3} here, we color each gene g € z(v) black if g € Tmin(v), red
if g € zin(v) and blue if g € xout(v). (Left) A suboptimal history of cost 10 (6 gains
and 4 losses) for a unit cost obtained by assigning zmin(v) to each node v of T'. (Right)
An optimal history of cost 8 (2 gains and 6 losses), for the unit cost dioss = dgain = 1.

Caain (1) + Oloss * Closs(H). We are now ready to state the optimization problem.
See Figure [I] for an example.

SMALL GAIN-L0SS PARSIMONY PROBLEM.
Input: A synteny tree 7 = (T, Z) on F, 6gain and Jioss.
Output: H* € argming g7 {c(H, dgain, dloss) }-

For conciseness, in the rest of this paper, we omit dgain and diess in the input
of the cost ¢(H, dgain, O10ss) and simply write c(H).

3 Algorithm

In this section, we are given a synteny tree 7 = (T, ) on a set F of gene families.
By definition, the only difference between T and T is an additional unary root
in 7. We will alternate between 7' and T depending on whether a unary root
needs to be considered or not.

We first define the lowest possible gain point for each gene family.

Definition 2 (Set of LCAs at a node). The least common ancestor of a gene
family g € F is defined as:

lea(g) =lcar({l € L(T) | g € 2(1)})
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For any v € V(T), we define x1c.(v) = {g € F | lca(g) = v}.
We can then define the minimum and extra contents at a node v of T.

Definition 3 (Minimum and extra contents at a node). Let v be a node
of T. We define:

Tmin(v) = {g € F |lca(g) <vAg € Ueer(r,) 2(1)}
Tout(v) ={9 € F | 9 ¢ Uier(r,) ()}
xin(v) = {g € F | lea(g) > v}

For example, for the node v pointed by the blue arrow on the left tree of
Figure[l] z1ca(v) = {c}, Zmin(v) = {a, b, ¢}, Zouw (v) = {d, f, g} and z;,(v) = {e}.

Notice that, for v € T, &min(v) corresponds to the set of gene families with
Ica above v and present in at least one leaf descendant of v, oyt (v) corresponds
to the gene families that are not present in the leaves descendant of v and x;, (v)
corresponds to the set of gene families with lca below v. Therefore, @y, (v) U
Zout (V) U Zin(v) = F and the three sets are pairwise disjoint. The next lemma
trivially follows from this fact and from the fact that a gene cannot be gained
twice in a history.

Lemma 1 (Content of a node). Let H = (T, ¢,z) € H(T) and let v € V(T).
Then, x(v) = Tmin(v) UO U I for some sets O C xou(v) and I C zip(v) .

According to Lemma [I} each node v of a history must be in one of the fol-
lowing four states: “min” if its content is exactly zmin(v), “out” if it additionally
contains at least one gene from .y (v) but none from z;, (v), “in” in the opposite
case, or “inout” if it contains at least one gene from both x,u¢(v) and z;, (v). In
the following, we will build recurrence equations to compute the minimum possi-
ble cost for each subhistory of an history H explaining T = (T, Z), distinguishing
between these four possible states for each node.

Definition 4 (Cost of a subhistory). Let v be a node of T. For a state
o € {min,out, in,inout}, define c,(v) as the minimum cost of an explanatory
subhistory rooted at v such that v is in state o, i.e.,

— for cmin(v), such that £(v) = Tmin(v);

— for cout(v), such that x(v) = Tmin(v) U O with O # O C zout(v);

— for cin(v), such that x(v) = Tymin(v) UT with § # I C ziy(v);

— for cinout(v), such that x(v) = Tymin(v) UO U I with O and I as above.

Ifv has a child v., define A, (ve) as the minimum cost of an explanatory hanging
subhistory rooted at v such that v is in state o relative to v, i.e.,

— for Apin(ve), such that x(v) = Tmin(v);

— for Agut(ve), such that £(v) = Tmin(v) UO with § # O C Zous(ve) — Zmin (v);
— for Ay (ve), such that £(v) = Tmin(v) U T with O # I C xin(ve) U @1ea(ve);

— for Ainout(ve), such that x(v) = xmin(v) UO U I with O and I as above.
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Lemma 2 (Partial recurrences including the root edge). For any edge
(v,v.) € E(T), assuming the values for ¢y (ve), Tmin(v), and Tmin(ve) are known,
the values of A, (v.) may be computed as follows:

Cmin(vc) + Z(U7 'Uc) : 51033 + g(v, Uc) : 6gain (1&)
. Cout(vc) + g(’Uv vc) : 6gain Zf Z(U, UC) =1 (1b)
Amin(ve) = min
cin(vc) + l(’l}, vc) : 6loss + 5gain (10)
Cin out (Uc) + 5gain Zf l(’U, vC) =1 (1d)

Cmin(vc) + 6loss + g('U, vc) . 6gain (28“)
. Cout (UC) + g(vv UC) : 5gain (2b)
Aot (ve) = min
Cin(vc) + §loss + 5gain (QC)
Cin out (Uc) + 5gain (2d)
Cmin(Ve) + 1(v,00) + dloss if glv,v.) =1 (3a)
. Cout(”c) if g(Uv'UC) =1 and l(’U,’Uc) =1 (3b)
Ain(ve) = min
Cin (Uc) + l(’U, Uc) : 61053 (30>
Cinout(vc) Zfl(vvvc) =1 (3d)
Cmin(vc) + 5loss Zf g(vﬂ vC) =1 (43)
. Cout(vc) Zf g(’U, UC) = 1 (4b)
Ainout (Uc) = min
Cin(vc) + dloss (4C)
Cin out (vc); (4d>

where I(v,v.) and g(v,v.) are indicator functions defined as

l(’U,Uc) — { 1 Zf Imin(?) Z Imin(vc) g('Uﬂ)c) — { 1 Zf xmin(‘vc) Z zmin(v)
0 otherwise 0 otherwise.
See an illustration for the Ay, (v.) case in Figure [2 for Agye(v.) in Figure |§|
(in Appendix) and for A;,(v.) in Figure
We are now ready to state the main recurrence equations allowing us to solve
the SMALL GAIN-LOSS PARSIMONY PROBLEM.

Theorem 1 (Main recurrences). For any node v € V(T'), the values of ¢, (v)
may be computed as follows. If v is a leaf, cmin(v) = 0 and cout(v) = cin(v) =
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Cinout (V) = 00. Otherwise,

min(vZ) + Amin(vr) ’Lf xmin(v) # @
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Fig. 2. An illustration of a left scenario (of cost Amin(v¢)) leading to ¢min(v) (a similar
scenario can be drawn for the right part, i.e. for Amin(vr)); the characters in a triangle
represent the gene families in the leaves of the corresponding subtree; the events and
characters in gray can be present or absent, depending on the value of I(v,v;) and
g(v,ve). (1): A scenario with #(ve) = @min(ve) (line [Ta)). (2): A scenario with z(ve) =
Tmin(ve) U I where I C zin(ve), I # 0 (line [Id). There must be a gain on the edge
(v,ve) because I C z(vy) — x(v) and therefore z(ve) Z x(v). (3): Two scenarios with
x(ve) = Tmin(ve) U O where O C zous(ve), O # 0 (line . The left scenario is not
optimal with a loss on the edge (v, v¢) as the lost gene (here b) can always be postponed
to be lost later in the same losses of the syntenies containing the extra gene c.
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In order to compute Cmin(v), Cout(v), ¢in(v) and ¢ipout(v) using Theorem
we need to determine the value of i, (v), which is the purpose of Algorithm
This, in turn, requires computing zjc., which is done using Algorithm [I] The
correctness of both algorithms is proven in Lemma

Algorithm 1: Algorithm 2:
LCA-Content(T = (T, Z)) Min-Content(7 = (T, &), Tica)
1 for each v € V(T') in post-order 1 for each v € V(T) in post-order
do do
2 if v € L(T) then 2 if v € L(T') then
3 ‘ A(v) + z(v) 3 ‘ Zmin (V)  Z(v)
4 else 4 else
5 | A(v) < A(ve) U A(vy) 5 Tanin (V)
6 B(x(T)) « A(x(T7)) (@min(ve) — Zicalve)) U
7 for each v € V(T) in pre-order (Zwmin (Vr) — Zica(vr))
do 6 return Tmin
if v € L(T) then
9 ‘ Zica(v) < B(v)
10 else
11 B(ve) + B(v) — A(vr)
12 B(vy) < B(v) — A(ve)
13 Tica (V)
B(v) — B(v¢) — B(vr)

14 return xic,

Lemma 3 (Computing ., and ziy,). For allv € V(T), Algorithm returns
Zica (V) and Algorithm @ Teturns Tmin(v).

Using the equations from Theorem [I} Algorithm [3] returns the cost of an
optimal history explaining 7.

Algorithm 3: InOutParsimonyCost(7 = (T, Z), Zmin, Oloss, Ogain)
1 for each v € V(T) in post-order do

2 ‘ compute Cpmin(v), Cout(vV), ¢in(vV), Cinout(v) according to Theorem
3 return dgain + min{cmin (r(7)), cin (r(T)) }

Corollary 1. Algorithm @ returns ming,_ g . oy ey {c(H)}

From the result of Algorithm [3| and through a standard backtracking proce-
dure, we can output €, i.e. the positions of gain and loss events in an optimal
history. The remaining information, i.e. the content x of ancestral syntenies, is
then returned by Algorithm
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Algorithm 4: InOutParsimonyContent(7 = (T, Z), €, Tmin)

1 for each v € V(T') in post-order do
(V) 4= Tmin (V)
if v ¢ L(T) then
if Gain ¢ €((v,v)) then
| z(v) « x(v) Ux(ve)
if Gain ¢ €((v,v,)) then
| z(v) « x(v) Uz(vy)
for each v € V(T') — {x(T')} in pre-order do
if Loss ¢ €((p(v),v)) then
10 ‘ x(v) + x(v) Uz(p(v))
11 z(r(T)) “ 0
12 return (T, €, x)

© ® g 0 oA W N

Theorem 2 (Correctness of Algorithm [4). If € is such that there exists
(T, e,z*) € argming ey {c(H)}, then Algorithm Teturns a history (T, e, x) €
argming ey {c(H)} on input (T = (T, Z), €, Tmin)-

As stated in the next theorem, the history returned by Algorithm []is unique
for a given input. More precisely, given ¢ leading to an optimal history for T,
there is a unique mapping x such that (T, €,T) € argminHeH(T){c('H)}.

Theorem 3 (Uniqueness of = given €). Let (T, ¢, x) € argming ey {c(H)}-
There exists no history (T, e, ') € H(T) such that «’ # x.

We are now ready to state our main InOutParsimony algorithm (Algorithm
below) solving the SMALL GAIN-LOSS PARSIMONY PROBLEM. Its correctness di-
rectly follows from all previous results of this section. See Figure [3|for an example
of the execution of the algorithm.

Algorithm 5: InOutParsimony(7 = (T, &), dioss Ogain)

1 Ziea ¢ LCA-Content(7 = (T, ))

2 Tmin < Min-Content(7 = (T, &), Z1ca)

3 € + backtracking procedure from the result of
InOutParsimonyCost(7 = (T, &), Tmin, Oloss, Ogain)

4 return InOutParsimonyContent(7 = (T, Z), €, Tmin)

Notice that the standard backtracking procedure mentioned above for Al-
gorithm [3| does not necessarily lead to a unique e. Consider breaking the ties
in the minimums (see Theorem [1)) by selecting the first (from top to bottom)
line leading to the minimum. Using this backtracking, that we call First-Line-
Backtracking, we obtain an optimal history of minimum total size in terms of
gene contents, as shown in the next theorem.
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Theorem 4 (A solution minimizing gene contents). If z,,;,(v) # 0 for
all v € V(T), then Algorithm InOutParsimony (Algorithm [5]) using First-Line-
Backtracking returns the solution (T, e, x) minimizing 2vev(r) lz(v)| among all
possible solutions argming _ . . . cp(){c(H)}-

We finally state the time complexity of Algorithm [5] assuming operations on
sets can be done in constant time (by encoding the gene family sets as binary
vectors fitting into a constant number of 64-bit words).

Theorem 5 (Time complexity). Assuming operations on sets can be per-
formed in constant time, the SMALL GAIN-LOSS PARSIMONY PROBLEM can be
solved in O(n) time where n = |V(T)|.

b bc bce ac abd bdf bdfg

Fig. 3. (Left) the synteny tree (T, Z) from Figure [l with each node v labeled with a
vector of size four containing the values (respectively from left to right) of cmin(v),
Cout (V), ¢in(v) and cinous(v). Those values are computed by Algorithm [3] considering
a unit cost dloss = Ogain = 1. Notice that the cout(v) and cinout(v) positions in the
vector of r(T') (shown in light gray) do not lead to a valid solution. From Line 4 of
Algorithm 3] as min{cmin(r(7)), cin(r(T))} = 7 and dgain = 1, the cost of a minimum
solution returned by the algorithm is 8. The First-Line-Backtracking (see TheoremE[)
is illustrated by the red pointers. It leads to the optimal labeling e (positions of the 2
gains and 6 losses). (Right) The optimal history output by Algorithm@when executed
on the tree and events on the left. The gene families in black and red are added to the
content of internal nodes during the bottom-up part of Algorithm[d], while those in blue
are added during the top-down part of Algorithm [d] This optimal history corresponds
to H* from Figure[l}

4 Application

We implemented InOutParsimony in Python. Given a binary tree, a content
labeling for the tree leaves, and the costs for gains and losses, the program returns
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an optimal history as a fully labeled tree in Newick format. The source code
can be accessed at https://github.com/UdeM-LBIT/InOutParsimony/tree/
recombcg2026.

We applied InOutParsimony to a dataset of mitochondrial-encoded protein
families, called MitoCOGs, taken from [I7]. This dataset was considered in a
previous paper of our group [3] for studying the exchange of genes between the
mitochondrial and nuclear eukaryotic genomes. In fact, it is largely established
that all extant mitochondria originated from a unique endosymbiotic event in-
tegrating an a—proteobacterial genome into an eukaryotic cell, creating an an-
cestral mitochondrial genome. Subsequently, eukaryote evolution was marked by
episodes of Endosymbiotic Gene Transfers (EGT), meaning the transfer of genes
between the mitochondrial and nuclear genomes of the same species, mainly
from the mitochondria to the nucleus, eventually leading to the disappearance
of the mitochondria. However, a high variability of gene repertoire distribution
indicating an ongoing EGT process in both directions is still observable in some
lineages such as in land plants.

We took the same dataset of 11 plants considered in [3] chosen to have Mi-
toCOGs in both their nuclear and mitochondrial genomes. This set includes nine
Viridiplantae, one Rhodophyta (Cyanidioschyzon merolae) and one Glaucophyta
(Cyanophora paradoza). The selected MitoCOGs were those appearing in either
the mitochondrial or nuclear genomes of those 11 plants, yielding 81 MitoCOGs.

We ran InOutParsimony with two models: (1) the unitary-cost model with
Ogain = Oloss Minimizing the number of events, and (2) a gains-at-LCA model,
based on the previous model of Synesth [I1], in which the gain point of each gene
family is positioned at its LCA and gains are excluded from the optimization
function, only minimizing losses. Figure [ for the unitary-cost and Figure
for the gains-at-LCA model illustrate the predicted mitochondrial and nuclear
contents for the seven multisubunits complexes given in Kannan’s paper [17]
Table S8|.

The scenario with the unit-cost model involves two large gains, one at the
root and the other at one of its children, while those gains are rather split into
smaller ones closer to the leaves with the gains-at-LCA model. The first scenario
avoids splitting the genes of a given complex into different gain episodes, which
may be considered more biologically relevant. For example, the SDH complex
in Cyanidioschyzon merolae is gained in two episodes with the unit-cost model,
while it is gained in three episodes with the gains-at-LCA model (i.e. with an
additional gain on the terminal edge). In addition, the disappearance of this
complex in the mitochondrial genome of Chlamydomonas reinhardtii, or similarly
in the nuclear genome of Cyanidioschyzon merolae, is explained by a single loss.

We wanted to see how well the two scenarios reflect the EGTs predicted
on the same dataset with EndoRex [3]. This software takes as input a species
tree and a gene tree where each leaf is additionally labeled 0 or 1 depending on
whether the corresponding gene appears in the mitochondrial or nuclear genome,
and returns a reconciliation involving EGT events. Figure 4 in [3] shows such
predicted reconciliations obtained with different cost functions. The most sup-
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ported events are an EGT of MitoCOG0014 (corresponding to a gene family of
the ATP complex) from mitochondria to nucleus in Chlamydomonas reinhardtii,
and another EGT of MitoCOG0072 (belonging to the RPS complex) from nu-
cleus to mitochondria in the LCA of Ostreococcus tauri and Micromonas sp.
RCC299. These two events are more consistent with the scenario obtained with
the gains-at-LCA model as, in each case, the loss in one genome (mitochondria
or nucleus) is accompanied with a parallel gain in the other genome, while on
the scenario obtained with the unit-cost model the complex it is gained earlier
in the tree.

We also compared the output of our algorithm with the output of Count [§]
under parsimony and probabilistic models. For the latter, similarly to Kan-
nan [I7], because gene gain in mitochondrial genome is rare, a pure-loss model
architecture was assumed and the prior distribution at the root was assumed to
be Poisson. InOutParsimony’s results for the unit-cost model are comparable to
Count’s results for the probabilistic pure-loss model (see Figure [4] and Figure
in Appendix), while InOutParsimony’s results for the gains-at-LCA model are
comparable to Count’s results under Dollo parsimony (see Figure [5|and Figure |§|
in Appendix). For both models, Count’s inferred sizes are almost always slightly
lower than those inferred with InOutParsimony. This is due to the fact that each
gene family is considered independently one from the other by Count, while In-
OutParsimony is able to consider them together and group individual losses in
unique loss episodes placing them lower in the tree, thus keeping more genes at
internal nodes.

While grouping losses can more appropriately reflect the unique transfer of
a full gene complex, as illustrated above with the SDH complex, it can also
lead to artificially large genomic sizes on internal nodes. This argues for an
intermediate model, going beyond Count’s single loss model (a loss per gene
family) but penalizing each segmental loss according to its size.

Finally, prohibiting parallel gains (Dollo’s parsimony) can also artificially in-
crease genomic sizes, in addition to losing the possibility of identifying multiple
EGT events. For example, gene ATP9 (MitoCOG0014), only found in the nu-
clear genomes of Arabidopsis and Chlamydomonas, is explained by the EndoRex
software [3] with two EGT events copying the gene family from the mitochondria
to the nucleus in both species. This gene is also identified as two separate gains
with Count under the Wagner parsimony (see Figure in Appendix, where
ATP9 is the last vertical strip in the ATP complex rectangles). However, these
two EGT events are rather interpreted as a single gain with InOutParsimony.

5 Conclusion

We developed the first linear-time algorithm that predicts a most parsimonious
history scenario of segmental gains and losses for a given phylogenetic tree leaf-
labeled by sets of genes without duplicates. Linearity is achieved by testing
only four cases at internal nodes rather than all possible genetic contents. The
algorithm can be used with arbitrary, but constant, costs for gains and losses.
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It will be interesting to extend the model to more general weights, such as
affine or convex weight function accounting for the size of a gain or a loss. This
could help strike a balance between individual loss and gain scenarios, as inferred
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by Count, and overly broad events leading to redundant segmental losses in the
terminal edges of the tree.

It will be also interesting to generalize InOutParsimony to enable exploring
the whole solution space through algebraic dynamic programming. For now, our
method outputs a single solution among all optimal ones, the one minimizing
the total size of gene contents.

Another promising extension of this work would be to allow multiple gain
points for a given gene family, extending the model from Dollo parsimony to
Wagner parsimony. In our MitoCOGs case study, this would lead to a more
precise and robust identification of EGTs.
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Finally, the results presented in this paper pave the way to the integration of
segmental gain minimization into the Synesth reconciliation framework, enabling
the study of gene repertoire’s evolution through a comprehensive model involving
duplications and horizontal gene transfers.
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Appendix

Additional Notation

Let T be a tree. For any two nodes v and v’ of T, there exists a unique path
from v to v’ that we denote Pr(v,v") C E(T).

Let v € V(T). The depth of v is defined as |Pr(r(T),v)| and the height of v
is defined as max;c (1, ) [Pr(v,1)].

Additional Definitions
The following definition is used in the proofs in Appendix.

Definition 5 (Cost of a subhistory with content X). For any X C F, let
c(v, X) be the minimum cost of an explanatory subhistory rooted at v such that
z(v) = X, t.e c(v,X) = min{c(H,) | H = (T,e,z) € H(T) Az(v) = X}.

Additional Lemmas

The following lemmas are used in the proofs of the results stated in the paper.

Lemma 4. Let v be an internal node of T and let I C x;,(v) be non empty. For
any non empty O C xous(v):

— There exists a subhistory H, of a history H = <T, €, z) explaining T such
that £(v) = Tmin(v) U O and c¢(H,) = cout(v).
— There exists a subhistory H, of a history H = (T,e,m) explaining T such
that ©(v) = Tmin(V) UOUTI and c(H,) = ming ¢, () €U Tmin (v) UO"UT).
O'#0
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Proof. Let O C zout(v) be non empty. First notice that there exists a history
H = (T, ¢, z) explaining 7 such that (v) N Zeu (v) = O. In fact, it is possible to
gain all content in x.,4(v) at the root of T' and then not lose any content from
O and lose all content from x,,¢(v) — O on the path from the root to v.

Now, let H;, be a subhistory of cost cout(v) (reps. mingrc, () €(V; Tmin(v)U

0’40

O’ U I)) of a history H' = (T',¢’,2’) explaining 7. Notice that there must be a
loss event on every path from v the leaves in L(Tv) as otherwise H would not
be explaining 7. Therefore, we can add any given subset of Zout(v) to 2’'(v) and
simply lose this new content at those loss events without changing the cost of
the subhistory. The result follows. a

Lemma 5. Let H = (T, ¢,z) € H(T). If there is an edge (p(v),v) € B(T) such
that Gain € e((p(v),v)) and z(p(v)) N (@i (V) U 21ca(v)) # O, then

M ¢ argming cg ) {c(H')}

and

(Hpw)) ¢ ngi,f%i?, Iﬂ{C(p(v)w(p(v)) U}

Proof. Let H = (T, e,z) € H(T) and let’s assume that there exists an edge
(p(v),v) € B(T) such that Gain € €((p(v),v)) and z(p(v)) N (&in (V) Uiea(v)) # 0.
As 2(p(v)) N (2 (V) U z1ca(v)) # 0, there is at least one gene family g in z(p(v))
such that lea(g) > v and Gaing(g) is an ancestor of p(v). As lca(g) > v,
9 & Uier(r)—r(1,)Z(1). Therefore, g must be lost at some point between Gaing, (g)
and each leaves in L(T) — L(T,) descending from Gaing(g) because other-
wise H would not be explaining 7. We can thus obtain another history #H*
explaining 7 from H by removing Gain from €((p(v),v)) and adding the con-
tent that was gained in this event in the content of every descendant node of
Gainy(g) containing the gene family ¢ that is not a descendant of v. There-
fore, c(H*) = c¢(H) — Ogain and H ¢ argming cpr){c(H')} . Furthermore,
(")) = c(Hp(v)) = gain and z*(p(v)) = z(p(v)) UI from some non empty set
I C zi,(v) by construction and therefore

() £, i {elol),2(p(0) U D).

O
Lemma 6. Let H = (T, e,z) € H(T). If there is an edge (p(v),v) € E(T) such
that Loss € €((p(v),v)) and x(v) N Zout(v) # 0, then

H ¢ argming e ry (M)} and c(Hy) ¢ cp(v), 2(p(0)).

Proof. Let H = (T,e,x) € H(T) and let’s assume that there exists an edge

(p(v),v) € E(T) such that Loss € €((p(v),v)) and x(v) N Zout(v) # 0. As
x(v) N Tout(v) # O, there is at least one gene family g in z(v) such that g ¢



18 M. Gascon et al.

Uier(1,)Z(1) and therefore this gene family must be lost at some point between
v and each leaves in L(T,) because otherwise H would not be explaining 7.
We can thus obtain another history H* explaining 7 from H by removing
Loss from e((p(v),v)) and adding the content that was lost in this event in
the content of every descendant node of v containing the gene family g. There-
fore, c(H*) = ¢(H) — dioss and H ¢ argming,_ 4 . .y cm(r {c(H)}. Furthermore,
c(My,)) = c(Hp(w)) — dloss and z*(p(v)) = @(p(v)) by construction and thus

(Hp(w) )¢C(p( ) 2 (p(v)))- O

Proofs

Proof of Lemma 1l

Proof. Let H = (T, e,2) € H(T) and let v be a node of T Let g € F.

If ica(g) < v, then Gaing(g) < v, and if g € Z(l) for a given | € L(T,), then
it cannot be lost on the path P;(Gainy(g),l) containing v by condition (3) of
Definition [1} Therefore, for any g € i (v), g € z(v).

The result follows from the fact that for any g ¢ i (v), either lca(g) > v
in which case g € i, (v), or g € Ujer(,)Z(l) in which case g € zout(v). O

Proof of Lemma [2]

Proof. Let v be an internal node of T" and let v. be a child of v. Then for
any history H = <T,e,x> explaining T, 2(v.) = Tmin(ve) U O, U I, for some
sets O, C Zout(ve) and I. C xin(ve) by Lemma [I} For each A,(v.) (o €
{min, out, in, in out}), we will test each possible case of the sets O, and I. being
empty or not:

— Amnin(v): In this case, 2(v) = @min(v). Then,

e If O, = 0 and I. = (: In that case, (v:) = Tmin(ve). The cost of an
optimal subhistory rooted at v. is therefore c¢pin(v.) by Definition
By Definition (I} Loss € (v,v.) if and only if @yin(v) € Tmin(ve) and
Gain € (v,v,.) if and only if Zyin (Ve) € Timin(v). This leads to a hanging
subhistory of cost ¢min(ve) + 1(v, ve) - Oloss + (v, Ve) - Igain (line . See
Figure [2[ (1) for an illustration.

e If O, # 0 and I. = ): This case is valid if and only if T, (V) € Tinin (ve)
as otherwise there exists no history explaining 7 such that xz(v) =
Timin(V) and x(ve) = Tpmin(ve) UO, for a non empty set O, C zou(ve). If
this is the case, the cost of an optimal subhistory rooted at v, is cout(ve)
by Lemma [4] Loss ¢ (v,v.) by Lemma [6] and Gain € (v,v.) if and only
if Tinin(ve) € Tmin(v) by Definition |1} This leads to a hanging subhis-
tory of cost cou(ve) + g(v,Ve) - Ogain (line . See Figure 2| (3) for an
illustration.

o If O, = 0 and I. # 0: In that case, the cost of an optimal subhis-
tory rooted at v. is cin(ve) by Definition Gain € (v,v.) because
the content in I. C zj,(v.) is not in x(v) = Zmin(v) by definition
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and therefore z(v.) € z(v). Loss € (v,v.) if and only if @pn(v) €
ZTmin(ve) by Definition [1} This leads to a hanging subhistory of cost
Cin(ve) + 1(v,vc) - Oloss + gain (line . See Figure [2| (2) for an illustra-
tion.

o If O, # 0 and I. # (): This case is valid if and only if z,(v) &
ZTmin(ve) as otherwise there exists no history explaining 7 such that
(V) = Zmin(v) and z(ve) = Tmin(ve) U O U I, for some non empty
sets O; C Tout(ve) and I, C xiy(ve). If this is the case, the cost of the
optimal subhistory rooted at v, is ¢y out(ve) by Lemma Gain € (v, v.)
because the content in I. C xi,(v.) is not in £(v) = Tmin(v) by definition
and therefore z(v.) Z x(v). Loss ¢ (v,v.) by Lemma[6] This leads to a
hanging subhistory of cost ¢inout(Ve) + gain (line .

— Agut(v): In this case, £(v) = Tmin(v) UO with § # O C zout(ve) — Tmin (V).
This case is similar to the previous case (A, (v)) with the difference that here
we are sure that there is some content at v that is not in zmyin(ve) U zin (ve)
(Definition [3). Thus, everywhere in the equation for A;,(v) that we test if
there is a need to lose some content between v and v., we know this is the
case here and therefore the result is obtained by replacing (v, v.) by 1 in the
equation for A, (v). See Figure |§| for an illustration of some of the cases.

— Ajn(v): In this case, £(v) = Tyin(v) UT with § # I C ziy(ve) Uea(ve). This
case is similar to the case A,y (v), with the difference that Gain ¢ (v,v..)
by Lemma [5| and that the case I. = 0 is only allowed if T, (ve) € Tinin (V)
as otherwise it would be impossible that z(v) = Zmin(v) U I where I C
Zin(Ve) U T1ea(ve) is non empty. See Figure m for an illustration of some of
the cases.

— Ajnout(v): In this case, £(v) = Tyin (v)UOUI with @ # O C xout (Ve) — Tmin (v)
and ) # I C zin(ve) U Tica(ve). This case is similar to the previous case
(Ain(v)) with the difference that here we are sure that there is some content
at v that is not in Zmin(ve) U zin(ve) (Definition [3). Thus, everywhere in
the equation for A;,(v) that we test if there is a need to lose some content
between v and v., we know this is the case here and therefore the result is
obtained by replacing I(v,v.) by 1 in the equation for Ay, (v).

O

Proof of Theorem [1]

Proof. Let v € V(T).

If v is a leaf, then the results follows from Definitions [T and [4] In fact, there
is no history H = (T',¢,z) explaining T such that z(v) # Zmin(v) and thus
€in(V) = Cout (V) = Cinout (v) = 0.

Let v be an internal node and let show the result for every possible state.

For cpin(v), (v) = Zmin(v) by definition. Then, either cpin(v) = oo if
Zmin(v) = 0 by Definition [1| or ¢yin(v) = Amin(ve) + Amin(v,-) by Definition

For cout(v), 2(v) = Zmin(v) U O with ) # O C 2oyt (v) by definition. In this
case, O C Zout(ve) — Tmin(v) for ¢ € {€,r} by definition and thus cou(v) =
Aout (UZ) + Aous ('Ur)-
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For ¢y (v), (V) = Tmin(v) U T with 0 # I C x3,(v) by definition. In this case,
either I C iy (ve) Uica(ve) and I C Tout (Ver ) — Zmin (v) for ¢ # ¢, e, € {¢,r} or
IN(zin (ve)UZ1ca(ve)) # 0 and IN(2out (Ve) —Zmin (v)) # 0 for both ¢ = £and ¢ = r.
Therefore, ¢iy(v) = min{Ai, (v¢) + Aout(Vr), Aout(Ve) + Ain(vr), Ainous(vVe) +
Ain out (Ur)}-

For cin out (v), 2(v) = Tmin(v)UOUT with ) £ O C zous(v) and @ # T C xi,(v)
by definition. Here, O C Zout(ve) — Zmin(v) for ¢ € {¢,r} by definition and either
I C zout(ve) — Tmin(v) and I C xiy(ve) U Xiea(ve) for ¢ # ¢, ¢, € {41}
or I N (zin(ve) U Ziea(ve)) # @ for both ¢ = £ and ¢ = r. Therefore, ¢, (v) =
min{Ain out (’UZ) + Aout (U'r)y Aout (’UK) + Ain out (Ur)a Ain out (UZ) + Ain out (Ur)}- ad

Proof of Lemma [3]

Proof. We first show that Algorithm [If returns zjc,(v) for all v € V(T'). Notice
that after the first for loop, A(v) = Uicr(r,)@(l) for all v € L(T). We now
show that in the second for loop, B(v) is set to {g € F | lca(g) > v} for all
v € V(T) by induction on the depth of v. If v = r(T'), then {g € F | lca(g) >
v} = Uier(r,)Z(l) = A(v). Hence, B(x(T)) = A(r(T)). Now, we suppose that
B(v) = {g € F|lca(g) > v} for v € V(T') — L(T) by induction hypothesis (IH)
and we want to show that B(v.) = {g € F | lca(g) > v.} for v, € ch(v). Without
loss of generality, we show the result for v;. Notice that if g € {g € F | lca(g) >
v Vlica(g) = v}, then g € Uierr, 1Z(1) because if lca(g) is a descendant of v, or
lca(g) = v there must be at least one leaf | in T, such that g € Z(I) by definition
of lca(g). Therefore,

{9 € Fllca(g) > v Vlca(g) = v} — Uer(r, Z(l) =0 (5)
Also notice that
{g € F|lca(g) > ve} NUepr, y2(1) =0 (6)

because if g € UleL(TvT)JE(l), then lca(g) cannot be a descendant of v;.
Then,

B(v) — A(v,) = {g € F | lca(g) > v} — Uier(r,, )Z(1) by IH

= ({g € F | lca(g) > v}
U{g € F |lca(g) > v, Vlica(g) = v}) — Uier(z,,)T(1)

vr

={g € F|lca(g) > ve} by and ()

Thus, B(ve) = {g € F | lca(g) > ve}. By definition of ca, Z1ca(v) = B(v) if v is
a leaf and x).(v) = B(v) — B(vg) — B(v,) otherwise. The result follows.

We now show that Algorithm [2| returns zyin(v) for all v € V(T'). Let v €
V(T). If v € L(T), then for any g € Z(v), lea(g) < v thus g € Tmin(v), and
conversely for any g € Zin(v), g should appear in the subtree rooted at v
which is v itself and thus g € Z(v). Now suppose v ¢ L(T). Let g € Zyin(v),
thus lca(g) < v and g € Uiep(r,,)Z() or g € Uier(r,,)@(1). In the first case,
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g € Tmin(ve) but as lca(g) < ve, ¢ € Tiin(ve) — Tica(ve). In the second case,
g € Tmin(vr) but as lealg) < vy § € Timin(vr) — Tica(vr). Conversely, for any
ce{l,r} and g € Tmin(ve) — Tica(ve), we have lca(g) < v and g € Uier(r,)Z(1),
thus g € Tmin(v). a

Proof of Corollary

Proof. Notice that for any history # = (T, ¢, z), Gain € ¢((x(T),1(T).)) because
otherwise point (4) of Definition [l| would not be respected. Also notice that
Zout (r(T)) = () by definition and therefore the content of the node r(T) in any
history explaining T iS @in (r(T)) U I for some set I C z;,(r(T)) by Lemma
Therefore, the cost of the optimal subhistory rooted at r(7T) explaining 7 is
either ¢pmin(r(T)) or ¢ (r(T)) and the result follows. O

Proof of Theorem

Proof. As € is given in input and lead to an optimal cost by hypothesis, it is
sufficient to show that (T',¢,z) € H(T). Notice that z(v) € P(F) for v € V(T)
by construction because the only gene families appearing in the history are the
genes families appearing at the leaves of T'. We now need to show that <T, €, )
respects the conditions of Definition

— Condition (1): Notice that for each leaf I € L(T'), (1) is set t0 Zmin () on line
2. By Lemma3] 2min (1) = Z(I) because [ is leaf. We now show that (1) is not
modified afterward on line 10. Let us assume, for the sake of contradiction,
that there is a leaf [ € L(T') such that z(l) is modified on line 10. In that
case, Loss ¢ €((p(1),1)) and z(p(1)) € &(I). Thus, there exists a gene family
g € z(p(l)) such that g ¢ Z(l). There are three possible cases as to why g is
in 2(p(1)):

e Case (1): g € Zmin(p(l)). In that case, for any history H = (T e, x)
explaining 7, g € z(p(1)) by Lemmall] As Loss ¢ €((p(1),1)), g € z(l) by
Definition |1} But g ¢ #(I) and we conclude that there exists no history
H = (T, ¢, z) explaining 7 which is a contradiction.

e Case (2): g was added to z(p(l)) on either line 5 or line 7. In that case,
notice that for any history # = (T',e,x) explaining 7, g must be in
x(p(l)) because in that case there is some leaf I’ descendant of p(I) such
that g € z(I') and there is no gain event in the path from p(l) to I’
allowing to gain g. As Loss ¢ €((p(1),1)), g € z(I). But g ¢ (1) and we
conclude that there exists no history H = <T, €, z) explaining 7 which
is a contradiction.

e Case (3): g was added to z(p(l)) on line 10. Here, Loss ¢ e((p(p(1)),p(1)))
and we can repeat the same argument as to why g is in p(p(l)) (and thus
in p(l) and in {) until we get to the root to obtain a contradiction. If
p(p(l)) = r(T), then only cases (1) and (2) apply, leading to a contradic-
tion.
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Therefore, for each leaf | € L(T), z(l) equals min(1). By Lemma[3] @uin (1) =
Z(1) because [ is a leaf and thus, condition (1) is respected.

Condition (2): Let (v,v.) € E(T). If Loss ¢ €((v,v.)), then all the content
of v is added to v, on line 10 and afterward the contents of v and v. are
not modified. Therefore, z(v) C z(v.). Otherwise, if Loss € €((v,v.)), the
fact that z(v) € z(v.) comes from the fact that e leads to an optimal cost
by hypothesis. In fact, if 2(v) C z(v.) and Loss € ¢((v,v.)) in the output of
Algorithm 4] we can obtain a new history (T', ¢, 2’} explaining 7~ by simply
removing the useless loss. This new history has a lower cost than any history
(T ,€, ) and thus € does not lead to an optimal cost, which is a contradiction.
We conclude that condition 2.(a) is respected. If Gain ¢ e((v,v.)), then all
the content of v. is added to v on either line 5 or line 7 and afterward the
only possible modification to the content of v is to add some new content
on line 10 and then the only possible modification to the content of v is to
add some new content on line 10, but this content is already in p(v). Thus,
z(v.) C z(v). Otherwise, if Gain € €((v,v.)), the fact that z(v.) € x(v)
comes from the fact that ¢ leads to an optimal cost by hypothesis, similarly
to the previous case. Therefore, condition 2.(b) is respected.

Condition (3): Let g € F. Let’s first show that there is a node v € V(T') —
{r(T)} such that g € z(v) — z(p(v)). By construction, the first node v on
the path from lca(g) to r(T) such that Gain € €e(p(v),v) is such that g €
x(v) — z(p(v)). If there is no such node, then there exists no history (7', ¢, z)
explaining 7 because there is then no gain event on the edges of the path
from lca(g) to r(T') and thus Gain ¢ e(r(T),r(T).) and then it is impossible
for Conditions (2) and (4) of Definition [1| to be respected simultaneously.
This is a contradiction and we conclude that such a node must exist. We now
show that this node v is unique. Let v’ € V(T') — {r(T)} different from v. If
v’ is a strict ancestor of v, then g ¢ x(v') and g ¢ x(p(v’)) by construction.
Otherwise, if v’ is on the path from lca(g) (included) to v (excluded), then
there is no gain on the edges of this path and thus g € z(v’) and g € x(p(v"))
by construction. Otherwise, if v’ is strict descendant of lca(g) such that
9 € Uier(r,)x(l), then g € xyin(v") and g € Tmin(p(v')) by definition and
thus g € z(v') and g € z(p(v')) by construction. Finally, if v" is such that
9 ¢ Uier(r,) (1), then g € x(v') if and only if g € z(p(v')) by construction.
In all cases, we conclude that g ¢ z(v’) — z(p(v')).

Condition (4): Notice that z(r(T)) is set to () on line 11. Let us assume, for
the sake of contradiction, that there is a node in V(T)—{r(7")} with an empty
synteny content. Let v be the highest node in T different from the root such
that this is the case (i.e. z(v) = 0). First notice that xmi,(v) = 0 as otherwise
x(v) would not be empty by construction. Also notice that for v. € {vg, v, },
either z(v.) = § or Gain € €((v,v.)) as otherwise z(v) would not be empty
by construction. If Gain € €((v,v.)), then z(v) N (zin(ve) U Z1ealve)) = @ by
Lemmaotherwise € would not lead to an optimal history. If z(v.) = (), then
we can repeat the same argument (i.e. for v, € {vc,, v, } either z(v.,) =0
or Gain € €((v., v, ))) until we get to a leaf | for which we know that Gain €
e((p(1),1)) because z(l) # 0 by construction. In both case, we conclude that
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(V)N (Tin (ve) UTiea (ve)) = 0 and we can deduce that z(v)Nzi, (v) = 0 for any
history explaining 7 with events e (given that € leads to an optimal history).
As v is the highest node in 7' different from the root such that z(v) = , either
v is the child of the root or Loss € €((p(v),v) as otherwise z(v) would not
be empty by construction. Thus, z(v) Nzeut(v) = O by Lemma@ otherwise €
would not lead to an optimal history. But it is impossible that simultaneously
ZTmin(v) = 0, 2(v) N Zous(v) = 0 and z(v) N 24, (v) = . Therefore, € does not
lead to an optimal history, which is a contradiction. Thus, we conclude that
condition (4) is respected.

O

Proof of Theorem [3]

Proof. Let H = (T,¢e,z) € argminﬁeH(T){c(’}:l)}. Let us assume, for the sake

of contradiction, that there exists a history H' = (T,e,x') € H(T) such that
x' # x. Let v be the highest node in T such that x(v) # 2'(v). Notice that
v # 1(T) because z(r(T)) = 0§ and z'(x(T")) = by Definition |1} We will show

that a contradiction arises in each possible cases for the set e((p(v),v)):

— €((p(v),v)) = 0: In this case, z(v) = z(p(v)) and z'(v) =
tion [1} But as x(p(v)) = 2’(p(v)), this implies that x(v)
contradiction.

— ¢((p(v),v)) = {Loss}: In this case, z(v) C x(p(v)) and 2’'(v) € 2'(p(v)) by
Definition [I} By lemmal[6] z(v) N@ou(v) = @ and 2/ (v) N oy (v) = 0. Notice
that any gene family g € %, (v) U 2in(v) such that g € z(p(v)) cannot be
lost by the event on the edge (p(v),v) because each gene family is gained
only once in a history by Definition |1l As z(p(v)) = 2/(p(v)) and as for each
g € F, either g € &pin(v) Uzin(v) or g € 2oyt (v) by definition, z(v) = z’(v)
which is a contradiction.

— e((p(v),v)) = {Gain}: As z(v) # z'(v), there is at least one gene family in
either z(v) or 2’ (v) that is not in the other set. Without loss of generality, we
will assume that there exists a gene family g € z(v) such that g ¢ 2’'(v). As
z(p(v)) = 2’ (p(v)) this implies that Gainyg (g) = v. Thus, lca(g) > v because
each gene family is gained only once in a history by Definition [I] Therefore,
Gaingy (g) > v because g ¢ z/(v). Let w = Gaingy(g). This implies that
lca(g) > w and thus there is at least one loss event in H' (and H) in each of
the paths from v to a leaf I € L(T},) — L(T},). Therefore, we can construct a
new history H* explaining 7 from # by removing the gain event on the edge
(p(w), w) and adding the content that was gained in this event in the content
of every node containing the gene family g that is not a descendant of w.
Thus, ¢(H*) = ¢(H) — Ogain and H ¢ argming - Which is a contradiction.

— €((p(v),v)) = {Gain, Loss}: As shown in the case €((p(v),v)) = {Loss}, any
gene family g € oyt (v) must be lost in the loss event on the edge (p(v),v)
and any gene family not in . (v) cannot be lost in the loss event on the
edge (p(v),v). Therefore, if x(v) # 2'(v), there must be at least one gene

a'(p(v)) by Defini-
= 2’/(v) which is a
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family in either z(v) or 2’(v) that is not in the other set and that is gained at
v. We can thus use the same argument as in the case ¢((p(v),v)) = {Gain}.
O

Proof of Theorem [5

Proof. This result follows from Lemma [3] Theorems [I] and [2] Corollary [I] and
from the fact that each step of the algorithm consists in a constant number of
traversal of T in which each node is processed in O(1) time because we suppose
by hypothesis that operations on sets of gene families can be done in O(1) time.

O

Additional Figures

lea (a,b)

(1

(3)

Fig. 6. An illustration of a left scenario (of cost Aqut(ve)) leading to cout(v) (a similar
scenario can be drawn for the right part, i.e. for Agu(vr)); the characters in a triangle
represent the gene families in the leaves of the corresponding subtree; the events and
characters in gray can be present or absent, depending on the value of g(v,v¢). (1): A
scenario with #(ve) = Zmin(ve) (line[2a) (2): A scenario with #(ve) = Zmin(ve) UI where
I C zin(ve) (line|2d)) (3): Two scenarios with z(vg) = Tmin(ve) U O where O C zout (ve),
O # 0 (line 2B). The left scenario is not optimal with a loss on the edge (v,v¢) as the
lost gene (here b) can always be postponed to be lost later in the same losses of the
syntenies containing the extra gene c.
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(1) lea (a,b)
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lea (a,b)
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Fig. 7. An illustration of a left scenario (of cost Ain(v¢)) leading to cin(v) in the case
where the extra content I comes from the left side (a scenario similar to those of
Figure [6] can be drawn for the right part, i.e. for Agut(vr)); the characters in a triangle
represent the gene families in the leaves of the corresponding subtree; the events and
characters in gray can be present or absent, depending on the value of I(v,v¢). (1):
Two scenarios with either z(ve) = @Tmin(ve) or 2(ve) = Tmin(ve) U T where I C zin(ve)
(line [3a] or [3c). The left scenario is not optimal with a gain on the edge (v, v¢) as the
gained gene (here d) can always be gained earlier in this history at the same gain point
as the gene a. (2): Two scenarios with z(vg) = Zmin(ve) UO where O C xout(ve), O # 0
(line . The left scenario is not optimal with a loss and a gain on the edge (v,v.) as
the lost gene (here b) can always be postponed to be lost later in the same losses of
the syntenies containing the extra gene ¢ and the gained gene (here d) can always be
gained earlier in this history at the same gain point as the gene a.
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Fig. 8. Results obtained with Count for a probabilistic pure-loss model on the species
tree of the considered 11 plants. Representation is the same as in Figure[d] except that
vertical strips are represented with a level of transparency illustrating their inferred
probability of presence.
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Fig. 9. Results obtained with Count for the Dollo parsimony model on the species tree
of the considered 11 plants. Representation is the same as in Figure [d]
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Fig. 10. Results obtained with Count for the Wagner parsimony model with unitary
costs on the species tree of the considered 11 plants. Representation is the same as in

Figure @
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